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Abstract

This paper shows that non-linearities and non-normalities are important to generate
empirically observed stylized facts of the risk premium. These key features can explain
the equity premium puzzle and the time-varying behavior of the risk premium. We
employ explicit solutions of dynamic stochastic general equilibrium (DSGE) models.
It is shown that non-linearities in a prototype DSGE model can generate time-varying
risk premia, while non-normalities can account for the observed risk-premium puzzle
by drawing from the Barro-Rietz ‘rare disaster hypothesis’.
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1 Introduction

13

. the challenge now is to understand the economic forces that determine the
stochastic discount factor, or put another way, the rewards that investors demand
for bearing particular risks.” (Campbell 2000, p.1516)

“A major advantage of the continuous-time model over its discrete time analog
is that one need only consider two types of stochastic processes: functions of

Brownian motions and Poisson processes.” (Merton 1971, p.412)

This paper shows that non-linearities and non-normalities are important to generate key
features of the risk premium. We employ explicit solutions of dynamic stochastic general
equilibrium (DSGE) models. Our macro-finance model is specified in terms of underlying

preferences and technology parameters, such that the asset-pricing kernel is consistent with
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the macroeconomic dynamics (Diebold et al. 2005, p.420). It is shown that non-linearities can
generate time-varying risk premia, and non-normalities are important to explain the observed
risk-premium puzzle. For this purpose we readopt formulating models in continuous-time,
which has closed-form solutions for a broad class of interesting models and/or parameter
sets (Merton 1975, Eaton 1981, Cox et al. 1985).! This helps to provide further insights on
the determinants of the risk premium in DSGE models.

Recent research on DSGE models has emphasized the importance of non-linearities and
non-normalities in explaining the business cycle fluctuations for the US economy (Fernandez-
Villaverde and Rubio-Ramirez 2007, Justiniano and Primiceri 2008). However, the problem
with discrete-time models is that they are hard to solve, and the literature uses approximation
schemes to circumvent this problem. It has become very successful in characterizing certain
aspects of dynamic properties, and in providing adequate answers to questions such as local
existence and stability (Schmitt-Grohé and Uribe 2004). Most approximation schemes will
fail, however, when it comes to the effects of uncertainty.

This paper contributes to the literature on the determinants of the risk premium, that is
the rewards that investors demand for bearing particular risks (Campbell 2000). There has
been a long discussion since Rietz (1988) proposed the ‘rare disasters hypothesis’ as a solution
to the risk-premium puzzle (Mehra and Prescott 1985, 1988). Barro (2006, 2009) shows that
disasters have been sufficiently frequent and large enough to account for the observed equity
risk premia. Gabaix (2008) introduces variable disaster intensity in an endowment economy
and shows that the rational, representative-agent framework is a workable paradigm in the
macro-finance literature. We show that using a continuous-time formulation we can easily
enrich the endowment economy by including non-linearities to the model. It clarifies the
relationship between the equity premium and the implicit risk premium.

The remainder of the paper is organized as follows. In the Section 2 we solve in closed
form a continuous-time version of Lucas’ (1978) fruit-tree model with exogenous, stochastic
production and obtain the risk-premium. Section 3 studies the effects of non-linearities on

the risk premium in Merton’s (1975) neoclassical growth model. We conclude in Section 4.

2 Lucas fruit-tree model in continuous-time

2.1 Lucas fruit-tree model in continuous-time (two assets)

Consider a fruit-tree economy (one risky asset or equity), and a riskless asset without default

risk (government bond).

'Recent contributions of continuous-time DSGE models include e.g. Corsetti (1997), Wiilde (1999, 2002),
Steger (2005), and Turnovsky and Smith (2006).



2.1.1 Description of the economy

Technology. Consider a one-good pure exchange economy (Lucas 1978). Suppose production
is entirely exogenous: no resources are utilized, and there is no possibility of affecting the
output of any unit at any time, Y; = A, where A, is the stochastic technology. Output is

perishable. The law motion of A; will be taken to follow a Markov process,
dAt == /_LAtdt —|— 5'AtdBt, (1)

where B, is a standard Brownian motion.

Suppose ownership of fruit-trees with productivity A, is determined at each instant in a
competitive stock market, and the production unit has outstanding one perfectly divisible
equity share. A share entitles its owner to all of the unit’s instantaneous output in ¢. Shares

are traded at a competitively determined price, p;. Suppose that for the risky asset,
dpy = ppidt + opd By, (2)

and for a riskless asset
dpo(t) = po(t)rdt. (3)

Because prices fully reflect all available information, the parameters will be determined in
general equilibrium. The objective is to relate exogenously determined productivity changes
to the market determined movements in asset prices. In fact, the evolution of prices ensures
that assets are priced such that individuals are indifferent between holding more assets and
consuming. Given initial wealth, we are looking for the optimal consumption path.

Preferences. Consider an economy with a single consumer, interpreted as a representative
“stand in” for a large number of identical consumers. The consumer maximizes discounted

expected life-time utility
Up = E/OO e Pu(Cy)dt, o >0, v <O.
0
Assuming no dividend payments, the budget constraint reads
dW, = ((p — m)w W, + Wy — Cy) dt + wioW,id By, (4)

where W, is real financial wealth and w; denote a consumer’s share holdings.
Equilibrium properties. In this economy, it is easy to determine equilibrium quantities of
consumption and asset holdings. The economy is closed and all output will be consumed,

C; =Y;, and all shares will be held by capital owners.



2.1.2 The short-cut approach

Suppose that the only asset is the market portfolio is
dpy(t) = papa(t)dt + onpae(t)dBy. (5)

Consider the portfolio choice as an independent decision of the consumption problem.

The consumer obtains income and has to finance its consumption stream from wealth,

One can think of the original problem with the budget constraint (4) as having been reduced
to a simple Ramsey problem, in which we seek an optimal consumption rule given that
income is generated by the uncertain yield of a (composite) asset (Merton 1973).

Define the value function as

V(W) = {gl?;c EO/O e Pu(Cydt, st (6), Wy>0. (7)
tSt=0

The Bellman equation becomes when choosing the control Cy € R, at time s
pV (W) = max {u(Cs) + (puWs — C) iy + o3, WiVipw } .
Because its a necessary condition, the first-order conditions are
W(C) =V = 0 = Vy=1d(Cy) (8)

for any interior solution at any time s =t € [0, 00).

It can be shown that the Euler equation is (cf. appendix)

du'(Cy) = ((P — par)u' (Cy) — 012\4thww> dt + oy Wi Viwwd B,
= ((p — /LM)U,(Ct) — U?WWtU”(Ct)CW> dt + O'MWtU”(Ct)CWdBt, (9)

which implicitly determines the optimal consumption path. Using the inverse function, we
are able to determine the path for consumption (u” # 0).
To shed some light on the effects of uncertainty, we use the Euler equation and obtain

the (implicit) risk premium as

du’(Cy) 5 o u"(CY) u”(Ch)
= — — W, C dt W, CwdB
W (C)) (P UM — Oy tu’(C’t) w +om tu’(C’t) wa by
1 du'(Cy) ] u” (Cy) 2
- th[u«ot)] - ‘“”E[ w(Cy) ] 7



which may be written as

e LR

We may define the left-hand side as the certainty equivalent rate of return on saving, that is
the expected rate of return on saving less the expected implicit risk premium (Steger 2005).
The latter gives the minimum difference an individual requires to accept an uncertain rate
of return, between its expected value and the certain rate of return that it is indifferent to.
On the right-hand side, we have the expected cost of forgone consumption, i.e. the rate of

time preference, and the expected rate of change of marginal utility .

2.1.3 A more comprehensive approach

Define the value function as

V(W) =  max  Ep / (O, st (4), Wy 0. (11)
{(we,C)}2, 0

The Bellman equation becomes when choosing the control (ws, C5) € R x Ry at time s
pV (W) = Jnax {u(Cs) + (wy(p — )Wy + rW, — Cs) Viy + swia®WiVipw } .

Because its a necessary condition, the first-order conditions are

UI(CS) — VW =0 = VW = UI(CS) (12)
\% —-r
(h =)WV +w, o WiVw = 0 = w,= _WWWSMT (13)

for any interior solution at any time s =t € [0, 00).

It can be shown that the Euler equation is (cf. appendix)

du'(Cy) = ((p — (= m)we + 7))’ (Cy) — wfazthWW) dt + w, oW, ViywdB,
= ((p = ((p=r)w + 1) (C) + (n = r)we (Cy)) dt — ' (Cy)(p — 1) /od By
= (p—r)(Cydt — 7u'(Cy)dBy, (14)
where we defined m = (u—r) /o as the market price of risk. Comparing to the Euler equation
in (9), we notice that because the household optimally can choose its portfolio risk, there is
no tmplicit risk premium. We show below that now the risk premia is available explicitly.

Given the demand function for the risky asset (13), we follow Merton (1973) and obtain

an equilibrium relation for the price on the market portfolio

dpyr = (= r)wy + r)py(t)dt + woprd By
= pumpum(t)dt + opprudBy

bt



defining the instantaneous expected rate of return py; = (u—7)w;+7, and the instantaneous

variance of returns o3, = w?o?. Using the optimal portfolio weights (13) and (12)

VWWVVtO_Q _ _U"(Ct)
VW M U/(Ct)

which is the risk premium of the expected market portfolio rate of return over the riskless

CWWtU]z\47 (15)

Hv — T = —

rate (henceforth equity premium). Comparing the result to the implicit risk premium in (10),
we find that both approaches indeed give the reward that investors demand and consumers

implicitly would be willing to pay for bearing/avoiding the systematic market risk.

2.1.4 General equilibrium prices

This section shows that general equilibrium conditions pin down the prices in the economy.

For illustration, with constant relative risk aversion (CRRA) the Euler equation (14) implies

—p— 11— 0)002
dc, — MM F 20( >JMCtdt+012thdBt.

Because output is perishable, Y; = C; = A;. Hence, we can determine the riskless rate and

the market price of risk from

o= 11— 0)002
d4, = HMTP 20( ) OM pdt + 02, AdB, &  dA; = aAdt + 5 AdB,.

In general equilibrium it pins down

O = pvw—p—3(1—0)003, =(pu—r)w+r—p—1i(1-0)wo?

o (p=r)? (n—r)? -1 (n—r)?
e 6 _—_— = 1 — 6 — = 0 ) 1 0
e r = ptlp— st (1 =0 = p+ 0= 51+ 0)
where we inserted optimal portfolio weights from (13), and the Sharpe ratio is
G = oy & 20 = 5.
o

Thus we may write
r=p+0p—i(1+6)05°
as the general equilibrium riskless rate (see also Wang 1996, Basak 2002). Observe that there

is only a unique Sharpe ratio, but no unique p and 0. We may employ identifying technical

restrictions in (81) to further restrict the parameter space.

2.2 Lucas fruit-tree model in continuous-time (multiple assets)

This section shows that the analysis can be extended to the multiple asset case. Consider an
economy with many fruit-trees (multiple risky asset or equity), and a riskless asset without

default risk. Suppose that the number of trees equals the number of consumers.

6



2.2.1 Description of the economy

Technology. Consider a pure exchange economy (Lucas 1978). Suppose production is entirely
exogenous: no resources are utilized, and there is no possibility of affecting the output of any
unit at any time. The consumption good is produced on n distinct productive units. Let
Yi(t) = A;(t) denote the output of unit ¢ in period ¢, i = 1,...,n, and let A, = [Ay, ..., A,]"
be the vector of production-specific stochastic technology. Output is perishable. The law of

motion of A; will be taken to follow a Markov process,

where i = [fiy, ..., in] ', and 7 = [J1, ..., Y] | is a n x n matrix, Q = 45" the positive definite,
non-singular, instantaneous conditional covariance matrix, and By = [By(t), ..., B,(t)] is a
n-dimensional (uncorrelated) standard Brownian motion. Observe that diag(A;) denotes the
n X n matrix with the vector A; along the main diagonal and zeros off the diagonal.
Suppose ownership of fruit-trees with productivity A;(t) is determined at each instant in
a competitive stock market, and each production unit has outstanding one perfectly divisible
equity share. A share entitles its owner to all of the unit’s instantaneous output in ¢. Shares

are traded at a competitively determined price, p; = [p1, ..., pn] T Suppose for the risky asset,

dp, = diag(p;)udt + diag(p;)yd By, (17)

|T is the vector of instantaneous conditional expected percentage price changes

]T

n= [,uw -0y U
for the n risky assets, whereas v = [y1,...,7.]" is a n x n matrix, Q = 77" the positive

definite, non-singular, instantaneous conditional covariance matrix. For a riskless asset

dpo(t) = po(t)rdt.

Preferences. Consider an economy with a single consumer, interpreted as a representative
“stand in” for a large number of identical consumers. The consumer maximizes discounted

expected life-time utility
Uy = E/ e Pu(Cy)dt, o >0, v <O.
0
As shown in the appendix, the budget constraint reads

AW, = (w] (1 — )W, + rW, — Cy) dt + w] yWidB,, (18)

T is a consumer’s share holdings.

where W, is real financial wealth and w; = [wy, ..., w,]
Equilibrium properties. In this economy, it is easy to determine equilibrium quantities of
consumption and asset holdings. Output will be consumed, Y | Y;(t) = C;, and all shares

will be held by capital owners.



2.2.2 The short-cut approach

Suppose that the only asset is the market portfolio is
dpar(t) = parpar (8)dt + o 3par(t)dBy. (19)

Consider the portfolio choice as an independent decision of the consumption problem.

The consumer obtains income and has to finance its consumption stream from wealth,
th = (,U/MWt - Ct) dt -+ OJLWtdBty (20)
where
par =w (u—7)+r, on=(w'y)", o3 =000 =w Qu,. (21)

As shown in the two-assets case, the short cut approach simply separates the consumption
decision from the optimal portfolio selection decision. We will study the effects as a special

case of the more comprehensive approach below.

2.2.3 A more comprehensive approach

Define the value function for the representative agent as

V(Wp) = max EO/ e Pu(Cydt, st (18), Wy > 0.
{(we,C) 12 0

The Bellman equation becomes when choosing the control (wg, Cs) € R™ x R, at time s

PV (W) = (gslaé) {u(Cy) + (w, (1 — )W + W, — C5) iy + 3w, Qu,WiViyw } .

Because its a necessary condition, the n + 1 first-order conditions are

UI(OS) —Vw = 0 = Vy= UI(CS) (22)
Wi
(L= AWVip + QuWVipw = 0 = wy=——2 Q0 (u—7) (23)
VWWWS

for any interior solution at any time s =t € [0, 00).

It can be shown that the Euler equation for consumption is (cf. appendix)
du'(Cy) = ((p = (w (= 7) + 1) (Co) = wi QuiWiVipw) di + w AW Viywd By, (24)

which implicitly determines the optimal consumption path. Before we proceed inserting the

optimal portfolio weights, we may obtain the implicit risk premia from the Euler equation



as we would have obtained from the short-cut approach. Using the definitions in (21),

du'(Cy) = ((p— pan)u' (Co) — o3 WiVww ) dt + o3, W Vipwd B,

du'(Cy) 5 ., u'(Cy)Cy 1., U (C)Cw
= — — Wy——— | dt W,—————dB
U,(Ct) (p /’LM UM t U/(Ot) + UM t U/(Ct) t
1 du'(Cy) u”(Cy) 2
ai” [ w(Cy) ] Pt b [ w(Cy) ] 7

which may be written as, similar to the two-assets case in (10),

L LT

In that the left-hand side is the certainty equivalent rate of return on saving, and the term

in brackets defines the implicit risk premium.

Using the first-order condition for optimal portfolio weights (23),
d'(Cy) = ((p—(w/ (n—7)+r)(Co) +w/ (n— ) (Cy) dt — (u—7)"Q 'y (Cr)d B,
= (p—r)(C)dt — (u—7)"Q v/ (Cy)dB,
= (p—r)u/(Cr)dt — 7TTU/(C#/)GZBM

where m = v~ !(u — 7) denotes the market price of risk vector.

2.2.4 The security market line

Given demand for risky assets and market-clearing, an equilibrium relation between expected
return on any asset and the expected return on the market can be derived (Merton 1973).
Let M; = np(t)pa(t) = mWy be the market value, where py(t) is the price per ‘share’ of

the market and nj(t) is the number of ‘shares’ of m investors,

dM; = npy(t)dpa(t) + par(t)dna(t) = nar(t)dpas + po(t)dno(t) + pedny
= ny(t)dpp(t) — mCydt.

Using the budget constraint (18), we obtain

nar(t)dpy (t) — mCydt = (w, (1 — FYmWs + rmW, — mCy) dt + w, ymW,dB,
& dpu(t) = (w (n—7)+7) par(t)dt +w ypar(t)dB; (26)
where we substituted mW,; = ny(t)pas(t) and collected terms. Whenever log-normality of

prices is assumed, we can work, without loss of generality, with just two assets, one riskless

and the other risky with its price log-normally distributed (Merton 1973).



The instantaneous expected rate of return juyy, its variance, o3,, and the covariance with

the return on the ¢th asset, o5/, can be determined as

o = Wl (=)
dpys d dpys dp;

012\4 = ﬂﬂ:wlj@wt and aiMEﬂ P :th”y’yi:thQei.
Pym PMm Pm Di

Using the optimal portfolio weights for risky assets (23),

— P = _Yww Wi Quw
M Viv t
and pre-multiplying by w,” (equivalent to multiplying by w; and summing up), we have that
Vivw W, Vivw W,
w (e —7) = -2 Quy & oy —r = —— 52,
Vv Vv
Using the first-order condition for consumption (22), we obtain
Viww W, "(C
g — 7= W e U Wi, (27)

Ve M7 (0

which is the equity premium. Comparing the result to the implicit risk premium in (25), or

to the two-assets case, we find that the different approaches indeed give the same result.
Similarly, when pre-multiplying by e; where e; = [0, ..., 1,...,0]" such that e, u = p;, we

obtain from (23)
View Wy
i =T = Ty, O

This result implies, together with the equity premium, the well known security market line

OiM
My =T = — (,UM - T)a (28)
oM
which is the continuous-time analog of the equilibrium return relation of the classical capital

asset pricing model (CAPM), as introduced by Merton (1973).

2.2.5 Explicit solutions

As shown in Merton (1971), for the class of hyperbolic absolute risk aversion (HARA) utility
functions one can obtain explicit solutions where consumption is a linear function of wealth.

For illustration, we present the results for CRRA and CARA preferences.

Proposition 2.1 (CRRA preferences) If utility exhibits constant relative risk aversion,
i.e. —u"(Cy)Cy/u'(Cy) = 0, then optimal consumption is proportional to wealth and optimal

portfolio weights are constant, where

C,=C(W) = (p—(1—0)r— LaTn/0) JOW,, w=Q Y (u—7)/h. (29)

10



Proof. see Appendix 5.2.3 m

Corollary 2.2 Use the policy function to obtain the risk premium (27) as
par — 1 = 003, (30)

Proposition 2.3 (CARA preferences) If utility exhibits constant absolute risk aversion,
i.e. —u"(Cy)/u'(Cy) =n, then optimal consumption is linear in wealth and optimal portfolio

weights are time-varying, where
Cy=C(Wy) = (,0 —r+ %ﬂ'TTr) [(r) + Wy, wy = w(Wy) = Q Y —7)/(nrWy).  (31)
Proof. see Appendix 5.2.4 =

Corollary 2.4 Use the policy function to obtain the risk premium (27) as
par —r = nrwios,. (32)

Though both solutions give linear policy functions for consumption, for CARA preferences
consumption is not proportion to wealth (i.e. the marginal propensity to consume does not
equal the average propensity). The nice result that CARA preferences imply a time-varying
risk premium has the following caveat. The proportion of wealth invested in the risky asset
is negative related to individual wealth, that means a wealthy person invests virtually all in
the riskless asset. This result seems questionable from an empirical point of view.

As expected, we obtain the standard result that the risk premium is determined by the
investors risk aversion parameter and the variance of the market portfolio. Given our priors
about risk aversion and empirical estimates of the variance of consumption, (30) leads us
to the risk-premium puzzle (Mehra and Prescott 1985). One explanation is the Barro-Rietz
‘rare-disaster hypothesis’, where the risk premium is shown to depend on the possibility
of rare events which (Rietz 1988, Barro 2006). Hence, we proceed our analysis as follows.
First, we extend the analysis by allowing for rare disasters to account for the observed equity
premium puzzle. Second, we show that introducing a neoclassical production economy with

non-linearities can generate time-varying behavior of the risk premium.

2.3 Lucas fruit-tree model with rare disasters (two assets)

This section shows how an extension to the possibility of rare disasters can account for the
observed equity premium puzzle, drawing from the Barro-Rietz ‘rare disaster hypothesis’.
Consider a fruit-tree economy (one risky asset or equity), and a riskless asset in normal times
but with default risk (government bond) as in Barro (2006).

11



2.3.1 Description of the economy

Technology. Consider a pure exchange economy (Lucas 1978). Suppose production is entirely
exogenous: no resources are utilized, and there is no possibility of affecting the output of
any unit at any time, Y; = A; where A; is the stochastic technology. Output is perishable.

The law motion of A; will be taken to follow a Markov process,
dAt = ﬂAtdt —|— 5'AtdBt + J;At,dNt, (33)

where B, is a standard Brownian motion, and N, is a standard Poisson process. The jump
size is assumed to be proportional to its value an instant before the jump, A, , ensuring
that A, does not jump negative. For illustration, the independent random variable .J, has a
degenerated distribution .J; = exp(#) — 1. This assumption is purely for reading convenience
and extensions to other distributions of the jump size J;, pose no conceptional difficulties but
are notationally more cumbersome with little associated gain.

Suppose ownership of fruit-trees with productivity A; is determined at each instant in a
competitive stock market, and the production unit has outstanding one perfectly divisible
equity share. A share entitles its owner to all of the unit’s instantaneous output in ¢. Shares

are traded at a competitively determined price, p;. Suppose that for the risky asset,

dpy = ppdt + opd By + py Jyd N, (34)
and for a government bill with default risk

dpo(t) = po(t)rdt + po(t—) Ded Ny, (35)

where D; is a random variable denoting a random default risk in case of a disaster, where ¢

is the probability of default. For illustration, we assume
D, = { 0 W%th 1—¢q
exp(k) —1 with ¢ ’
which can be generalized without any difficulty.

Because prices fully reflect all available information, the parameters r, u, o, and J; will be
determined in general equilibrium. The objective is to relate exogenous productivity changes
to the market determined movements in asset prices. In fact, the evolution of prices ensures
that assets are priced such that individuals are indifferent between holding more assets and
consuming. Given initial wealth, we are looking for the optimal consumption path.

Preferences. Consider an economy with a single consumer, interpreted as a representative
“stand in” for a large number of identical consumers. The consumer maximizes discounted

expected life-time utility

Uy = E/ e Pu(Cy)dt, o >0, v <O.
0

12



Assuming no dividend payments, the budget constraint reads
th = ((,M - T)thVt + TWt - Ct) dt -+ thWtdBt + ((Jt - Dt)wt_ + Dt)VVt_dNt, (36)

where W, is real financial wealth and w; denote a consumer’s share holdings.
Equilibrium properties. In this economy, it is easy to determine equilibrium quantities of
consumption and asset holdings. The economy is closed and all output will be consumed,

C; =Y,, and all shares will be held by capital owners.

2.3.2 The short-cut approach

Suppose that the only asset is the market portfolio,

Consider the portfolio choice as an independent decision of the consumption problem.

The consumer obtains income and has to finance its consumption stream from wealth,
th = (/LMWt — Ct) dt + O'MWtdBt — gMWt,dNt (38)

which assumes a constant investment opportunity set, in particular, D; is constant.

One can think of the original problem with the budget constraint (36) as having been
reduced to a simple Ramsey problem, in which we seek an optimal consumption rule given
that income is generated by the uncertain yield of a (composite) asset (Merton 1973).

Define the value function as

VW) = max B / e PU(CdE, st (38), Wo > 0. (39)
tSt=0 0

The Bellman equation becomes when choosing the control Cs € R, at time s
PV (W) = mass {(C) + (W = C) Vi + 303, W2V + (V(( = Gu)Wa) = V)AL
Because its a necessary condition, the first-order conditions is

u'(Co) =Vw(Ws) = 0 = V(W) =u(Cy) (40)

for any interior solution at any time s =t € [0, 00).

It can be shown that the Fuler equation is (cf. appendix)
du'(C) = ((p— par + N'(Cr) = o3, WiViww — o' (C((1 = Gu)Wa))(1 = Car)A) dt
+ouWiViywdB; + (W' (C((1 = Cap)Wil)) — o/ (C(Wi2)))d Ny
= ((p = uas + N(C) = 3 We"(C)Coy — ! (C((L = )W) (L = Cun)A)
+op Wi (Cy)Cwd By + (W' (C((1 — )W) — /' (C(Wi2)))d Ny, (41)

13



which implicitly determines the optimal consumption path. Using the inverse function, we
are able to determine the path for consumption (u” # 0).
To shed some light on the effects of uncertainty, we use the Euler equation (41) and

obtain the (implicit) risk premium as

du'(Cy) B 2 u"(Cy) B u'(C((1— Cu)Wh)) _
W(C) (O - G)We )
-I—UMWtr(Ct) CwdB; + ( W (COV)) 1) dNy
1) ) WG s, WO G))
ai” { w(Cy) ] Pt b [ w(Cy) VMt ) CMA] ’

which may be written as

u//(ot)
u'(Ch)

(O = )WL)

CywW,o? —|—u
W u'(C(Wy))

-8 [ay] @

The full expected rate of return on equity is puy — (yyA. We may define the left-hand side

MM—E[— CM/\:| =P

as the certainty equivalent rate of return on saving, that is the expected rate of return on
saving, conditioned on no disasters, less the expected implicit risk premium. The latter
gives the minimum difference an individual requires to accept an uncertain rate of return,
between its expected value (conditioned on no disasters) and the certain rate of return that it
is indifferent to. On the right-hand side, we have the expected cost of forgone consumption,

i.e. the rate of time preference, and the expected rate of change of marginal utility.

2.3.3 A more comprehensive approach

Define the value function as

V(W) = max Eo/ e Pu(Cydt, st (36), Wy > 0. (43)
{(we,Ce)}2, 0

The Bellman equation becomes when choosing the control (ws, C5) € R x Ry at time s

pV(W,) = max {u(C’S) + (. — MwsWs +rWy — Cs) Viy + %w§02W82VWW

(ws,Cs)

—i—(V((e“ + (" — e")ws)Wy)q
+V((1 + (€V2 - 1)ws)Ws>(1 - Q) - V(Ws>))‘}

Because its a necessary condition, the first-order conditions are

U/(Cs) —Vw =0 = Vy= U/(Cs) (44)

14



0 = (u—7r)\WViy +wa®W2Vipw + Vip (e + (e — e)wy )W) (e — ) Wg

Vi (14 (€ = Dws) Wo) (1 — g)(e” — WA
Viw(Wg)  p—r  Vig((e" + (e —e®)w,)W;) et — e

L= - _ A
- Virw (W)W, o2 Virw (W) IV, o2 4
Vi (1 + (2 — Dwg) W) e — 1
_ 1— o)\ 15
Vo (W, = (1—-gq) (45)

for any interior solution at any time s = ¢ € [0,00). In that, an analytical solution for the
optimal shares is no longer available except for specific parametric restrictions, e.g., for the
case where v; = k and ¢ = 1, i.e., the bond default is equal to the size of the disaster. Then,
the optimal share of wealth allocated to the risky asset will not be affected by rare events.

It can be shown that the Euler equation for consumption is (cf. appendix)

du'(Cy) = ((p— ((p—r)we +7)+ N (Cy) — wio* W Vipw

—u' (C((e" 4 (" — e®)wy )W) (e + (" — e®)wy ) g
—u'(C((1+ (€ — Dw) W) (1 + (7 — D)w) (1 — ¢)A)dt + w,o W, ViywdB,
+/ (C((1 + (J; — D)ws— + D)Wi_)) — ' (C(W;_)))dN;. (46)

Before we proceed, we show that the (implicit) risk premium from the Euler equation is

similar to the short-cut approach in the case of a constant investment opportunity set.

Case 2.5 (Constant investment opportunties) Define
py = (p—r)w+r, oy =wo, (u=1—e"—(e" —e™uy,

and we obtain optimal portfolio shares,

B VW) p—r B Viv (1 — Cap)Wy) et — e
VWW(Wt)Wt O'2 VWW(Wt)Wt 0'2

Wy

A. (47)
The Euler equation (46) reads for ¢ =1,

du'(Cy) = ((p— par + N (Cr) = o3 WiViww — ' (C((1 = Car)Wa))(1 = Car)A) dt
+UMWtVWWdBt + (UI(C((l — CM)Wt,)) — UI(C(Wt,)))dNt
which coincides with (41), and the implicit risk premium is

UH(C)
u'(Cy)

It is interpreted as the premium individuals are willing to pay to hedge the market risks over

RP = FE

u/(C((1 = Cu) W)
CwWos, + (OO SR (48)

a certainty equivalent return on saving.
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2.3.4 Towards a security market line

Given demand for the risky asset and market-clearing, one usually obtains the equilibrium
relation between expected return on any asset and the expected return on the market. Let
M, = ny(t)pa(t) = mW,; be the market value, where pys(t) is the price per ‘share’ of the

market and nj () is the number of ‘shares’ of m investors (Merton 1973),

dM; = npy(t)dpar(t) + par(t)dna(t) = nar(t)dpas + po(t)dno(t) + pedny
= ny(t)dpp(t) — mCydt.

Using the budget constraint (36), we obtain

ny ()dpp (t) — mCydt = ((u — r)wymWy + rmW, — mCy) dt + wyomW,d B,
+((Jy — D)wy— + Dy)mW,_dN,
& dpu() = (5 —r)wn+ 1) pu(t)dt + wopn (dB,
+((Jr = Dy)wi— + Dy)ppr(t-)dNy, (49)

where we substituted mW; = ny(t)par(t) and collected terms.

Conditioning on no disasters, we may define the instantaneous expected percentage
change py = (p — r)w; + 7, and its variance, 03, = w?c? as in Merton (1973). Similarly, we
define the random variable (y(t) = ((J; — Dy)w; + Dy). The full expected percentage change
on equity, which includes the jump-risk and the default possibility, is lower,

p[)]

pu(t-)

pyv + E[(Jy — Dy)wy + Dy A
= py— (1= (" —e")w — ) gh — (1 — e”)w(1 — @)\ (50)

Similarly, we obtain expected percentage change on the risky asset, and on government bills,

dpo(t)
po(t-)

Given the demand for risky assets, we obtain the equity premium. Using the first-order

| %] —u-a-enp-a-ena-an 5|

o~ ] =r—(1—e")gA. (51)

condition for consumption, optimal portfolio weights in (45) may be written as

W(OWD) p—r  W(C((e + (e — eXw) W) e — e

We _u”(Ct)CWWt o2 u" (C(Wy))Cw Wy o? "
—U/(C(zf}é((s;))_cﬁwvt» (-
& py—T = —%Uﬁ - U/(Cif(lc_(éfj\j)))m)) (e — €e")gAw
(e Z/Egzm—/t)l))wt)wt)) (¢ — 1)(1 — g\, (52)
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where py = (p—r)wi+r, oy = wio, and (y = 1 — e — (" — e®)w;. Hence, for v; = k and
g = 1, the (traditional) equity premium will be unaffected by the jump risk. In the present
analysis, the implicit risk premium, however, will still be affected. The reason is that implicit
risk premium is obtained from the certainty equivalent return to saving, but the government
bill has a risk of default, thus is inherently risky. This premium on the willingness to pay

for avoiding the default risk is reflected in the implicit risk premium (48).

2.3.5 Explicit solutions

Similar to Merton (1971), for the class of constant relative risk aversion (CRRA) utility one

obtains an explicit solution where consumption is a linear function of wealth.

Proposition 2.6 (CRRA preferences) If utility exhibits constant relative risk aversion,
i.e. —u"(Cy)Cy/u'(Cy) = 0, then optimal consumption is proportional to wealth and optimal
portfolio weights are constant, C, = C(Wy) = bW, where

b= (p+A— (1= — (1—Car) g+ (1+ (e = Dw)' (1 —q)) A+ (1-0)0303,) /0, (53)

where (yy = 1 — e — (e"* — e")w. Optimal portfolio weights are (implicitly) given by

» eVl — eF
fo?

_pe”? —1
Oo?

L=
fo?

Proof. see Appendix 5.1.4 m

w =

+ (1 —Cm) gA+ (1 + (e = Dw) (1—g)A (54)

Corollary 2.7 (Default risk) Consider, for illustration, the case of a constant investment

opportunity set. Use the policy function to obtain the risk premium (48) as
RP = 0oy + (1= Cu) %Cur. (55)
The conditional equity premium (conditioned on no disasters) from (52) would be

par — 7 = 002, — (1= )70 — Mg w — (1 + (e — Dw) (2 — 1)(1 — ¢) w
= Oosr + (1= Cu) "CuAg = (1= Car) (1 = e)gA
+(1 4 (e = Dw) (1 — e”2)(1 — ¢)\w, (56)

-
-

whereas in the present analysis,

EP = py—((1— (" —eMw—e)g+ (1 —e?)(1—qw)A = (r— (1 —e")g)A
= pup —r+ (" —eMwgh — (1 —e?)(1 — q)wA (57)

is the full equity premium, which includes the jump-risk and the default possibility, i.e., the

expected rate of return on the market portfolio net of the expected rate of return on bills.
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Recall that the implicit risk premium (RP) was obtained under the assumption of constant
investment opportunities, e.g., forq = 1. In this case, RP will be higher than the (traditional)
equity premium by (1 — () (1 — %)\, This term is interpreted as the market price of
the default risk. If there was no default, the implicit risk premium again has the usual

interpretation of the equity premium.

2.3.6 General equilibrium prices

This section shows that general equilibrium conditions pin down the prices in the economy.

For illustration, with constant relative risk aversion (CRRA) the Euler equation (46) implies

—p—=A—31(1 =652 1 — 1-0 0\ 1 va _ 1 1-0(1 — )\
Jc, — M 2(1 = 0)foy, + ( CMQ) gA+ (1 + (e Jwy) (1 - q) Codt

+UMCtdBt -+ ((Jt — Dt)wt, -+ Dt)C(Wt,)dNt (58)

where we employed the inverse function C' = ¢g(v'(C')) which has
g W(C)) =1/u"(C), ¢"(W(C))=—u"(C)/w"(C))"
Because output is perishable, using the market clearing condition Y; = C; = A,
dA; = jiAdt + 5 AdB; + J,Ai_dNy, (59)

the risk free rate and the both market prices of risk are (implicitly) pinned down in general
equilibrium. In particular, we obtain J; as a function of random variables J, and D, that is
the investment opportunity set is inherently stochastic, J, = (Jy — Dy)w + Dy.

In general equilibrium it pins down
O = g —p— 2= 0)00% — A+ (1= Cu) Pgh+ (1 + (¢ — D) (1 — g)A

and the variance of the market portfolio conditioned on no disasters is @ = oj;. Conditioned

on no default of government bills,

whereas conditioned on default of government bills,
e/ =1 = (" —ew+e"—1 & 1—¢e" = (.

In that, the price of the risky assets may jump even for # = 0 because of general equilibrium

effects of the government bill default, and for k = 0 we obtain that vy = vs.
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3 A prototype production economy

3.1 A model of growth under uncertainty (one asset)

This section illustrates that non-linearities in a prototype neoclassical DSGE model can
generate a time-varying risk premium. We use a version of Merton’s (1975) asymptotic

theory of growth under uncertainty (see also Eaton 1981, Cox et al. 1985).

3.1.1 Description of the economy

Technology. At any time, the economy has some amounts of capital, labor, and knowledge,
and these are combined to produce output. The production function is a constant return to
scale technology Y; = A F (K, L), where K, is the aggregate capital stock, L is the constant
population size, and A; is the stock of knowledge or total factor productivity (TFP), which

in turn is driven by a standard Brownian motion B,

Ay has a log-normal distribution with Ey(In 4;) = In Ay + (i — 302)t, and Vare(In A;) = 7.

The capital stock increases if gross investment exceeds stochastic capital depreciation,
th = (It — 5Kt)dt + O'thZt, (61)

where Z; is a standard Brownian motion (uncorrelated with B;). Unlike in Merton’s (1975)
model, the assumption of stochastic depreciation introduces instantaneous riskiness, which
makes physical capital indeed a risky asset (for similar examples see Turnovsky 2000).
Preferences. Consider an economy with a single consumer, interpreted as a representative
“stand in” for a large number of identical consumers. The consumer maximizes expected
life-time utility i,
Uy, = EO/ e Pu(Cydt, o >0, u" <0 (62)
0

subject to

AW, = ((ry — O)W; +wf — Cy)dt + oW,dZ;. (63)

W, = K,/ L denotes individual wealth, r; is the rental rate of capital, and th is labor income.
The paths of factor rewards are taken as given by the representative consumer.
Equilibrium properties. In equilibrium, factors of production are rewarded with value

marginal products, r; = Yx and w’ = Y. The goods market clearing condition demands

Y, =C, +1I,. (64)
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Solving the model requires the aggregate capital accumulation constraint (61), the goods
market equilibrium (64), equilibrium factor rewards of perfectly competitive firms, and the
first-order condition for consumption. It is a system of differential equations determining,

given initial conditions, the paths of Ky, Y;, 7y, wF and Cj, respectively.

3.1.2 The short-cut approach

Define the value of the optimal program as
V(Wo, Ag) = gn?o).g Up s.t. (63) and (60) (65)
tIt=0

denoting the present value of expected utility along the optimal program. It can be shown

that the first-order condition for the problem is (cf. appendix)
u'(Cy) = Viy (W3, Ay), (66)

for any t € [0, 00), making consumption a function of the state variables Cy = C(W;, A;).

It can be shown that the Fuler equation is (cf. appendix)

du'(Cy) = (p— (re — )/ (Cydt — o*Vigyw Widt + Vaw Aad By + Vipw W,0dZ, (67)
= (p - (Tt - 6))U,(Ct)dt 2 ”(Ot)CWVtht + U”(Ct) (CAAta'dBt + CWWtO'dZt) s

which implicitly determines the optimal consumption path. Using the inverse function, we
are able to determine the path for consumption (u” # 0).
To shed some light on the effects of uncertainty, we use the Euler equation and obtain

the (implicit) risk premium

e - (p—m—(w “@)cWWUZ) at+ Y (¢, A3aB, + CyWiodza)

lf'(Ct) w'(Cy) w'(Cy)
I
which may be written as
R e R

where the left-hand side is the certainty equivalent rate of return on saving, and the term in
brackets defines the implicit risk premium. Hence, the implicit risk premium indeed refers
to the rewards that investors demand for bearing systematic market risk, while it does not

account for the risk of a stochastically changing investment opportunity set.
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3.1.3 Explicit solutions

A convenient way is to describe the behavior of the economy is in terms of the evolution
of C;, Ay and W;. Similar to the endowment economy there are explicit solutions available,
due to the non-linearities only for specific parameter restrictions. Below we use two known
restrictions where the policy function Cy = C(A, Wy) is available, and all economic variables

can be solved for in closed form.

Proposition 3.1 (linear-policy-function) If the production function is Cobb-Douglas,
Y; = A KPLY, wtility exhibits constant relative risk aversion, i.e. —u”(Cy)Cy/u'(Cy) = 6,

and o = 6, then optimal consumption is linear in wealth.
a=0 = C=CW,)=¢W, where ¢=(p+(1—-0)5)/0+%(1—0)c* (69)
Proof. see Appendix 5.3.2 m

Corollary 3.2 Use the policy function to obtain the (implicit) risk premium (68) as

- u”(C’t)
u'(Ch)

CthO'Q = 90’2. (70)

Proposition 3.3 (constant-saving-function) If the production function is Cobb-Douglas,
Y; = A KPLY2, wtility exhibits constant relative risk aversion, i.e. —u"(Cy)Cy/u'(Cy) = 0,
and the subjective discount factor is p = (af — 1)§ — 6 + 3 (0(1 + 0)5% — ab(1 — af)o?),

then optimal consumption is proportional to income (i.e. non-linear in wealth).
p=p = C=CW,A)=0-s)AW> 0>1, where s=1/0 (71)
Proof. see Appendix 5.3.3 m

Corollary 3.4 Use the policy function to obtain the (implicit) risk premium (68) as

_u//(cvt)
u'(Ch)

CwWo? = abo?. (72)

As shown, the (implicit) risk premium for u”(C})Cy/u'(Cy) = 6 depends on the curvature
of the policy function. Moreover, any policy function where optimal consumption is a power
function of wealth, Cy (A, Wy)W, = aCy(Ay, W;) where a € R, implies a constant (implicit)
risk premium. Because these solutions are obtained only for specific parameter restrictions,

we conclude that for the general case the (implicit) risk premium will be time-varying.
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4 Conclusion

This paper shows that non-linearities and non-normalities are important to generate key
features of the risk premium. For this purpose, we employ explicit solutions of DSGE models
to shed light on the determinants of the risk premium in general equilibrium.

We derive closed-form solutions for a continuous-time version of Lucas’ fruit-tree model,
and for the case of non-linearities using a stochastic neoclassical growth model in order to
study the risk premium. The main result is that the (implicit) risk premium in addition to
the standard parameters for the risk aversion and the level of uncertainty, in general depends
on non-linearities, e.g. the curvature of the policy function. Moreover we find that in most
DSGE models the (implicit) risk premium should be time-varying.

From a theoretical point of view, this paper shows that formulating the DSGE model
in continuous-time gives closed-form solution for a large class of interesting macro-finance
models (in the tradition of Merton 1975, Eaton 1981, Cox et al. 1985). It thus circumvents
the problem induced by approximation schemes which is especially important when analyzing
the effects of uncertainty (Schmitt-Grohé and Uribe 2004).
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5 Appendix

5.1 Lucas fruit-tree model in continuous-time (two assets)

5.1.1 Deriving the budget constraint

Consider a risky asset and a government bill with default risk. Suppose the price of the risky
asset follows
dpy = ppdt + opid By + Jipy— d Ny

where ;1 denotes the instantaneous conditional expected percentage change in the price of
asset 7, o2 its instantaneous conditional variance, B, is a standard Brownian motion, and J;
is a random variable representing the sensitivity of the asset price with respect to a jump of

the Poisson process N; at arrival rate A. A government bill (riskless in normal times) obeys
dpo(t) = po(t)rdt + DydNy

where D; is a random variable denoting a random default risk during a contraction.
Consider a portfolio strategy which holds n; units of the risky asset and ng(t) units of
the riskless asset with default risk, such that

Wi = no(t)po(t) + pene
denotes the portfolio value. Using It0’s formula, it follows

dWy = po(t)dng(t) + no(t)po(t)rdt + pidng + nypypdt + nypiod By
+ (nepe—Ji + no(t)po(t-) Dy) AN
= po(t)dno(t) + no(t)po(t)rdt + prdny + wepWidt + woWdB,
+ (wi—Jy + (1 — w,_ ) Dy) Wy _dN, (73)

where w;W; = n;p; denotes the amount invested in the risky asset. Since investors use their

savings to accumulate assets,
po(t)dno(t) + prdny = (mo(t)no(t) + mmny — Cy) dt
where 7; denotes per unit dividend payments on asset the risky asset. Hence,

th = (Wo(t)no (t) -+ TNy — Ct) dt + TWtdt + (,LL — T)thtdt -+ O'thtdBt
+ ((Jt — Dt)wt_ + Dt) Wt_dNt

If there are no dividend payments, m, = 0, the budget constraint reads

AW, = ((u—r)wW; +rW; — Cy) dt + ow,W,d B
+ ((Jt — Dt)wzg, + Dt) Wt,dNt (74)
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5.1.2 The short-cut approach

As a necessary condition for optimality the Bellman’s principle gives at time s

s dt
Using [t6’s formula (see e.g. Protter 2004, Sennewald 2007),

pV(IV.) = max {u<c;> . iEsdwws)} (75)

VW) = ((puWs — Co) Viw + 205, W2Viww) dt + oy W ViwdB, + (V (W) — V/(W,_))dN,
= ((paWs = Co) iy + 503, WViww) dt + ox W, VipdB,

+(V((A = Q)W) = V(W,2))dN,
where 0%, is the instantaneous variance of the risky asset’s return from the Brownian motion

increments. If we take the expectation of the integral form, and use the property of stochastic

integrals, we may write
BdV(W.) = ((uaWe — C) Vi + 503 W2 Vi + V(1= Q)WL) — VIV)A) dt
Inserting into (75) gives the Bellman equation
PV (W) = ma {u(C2) + (uarVis = C.) Viw + 303, W2 Viw + (V((L = Q)W) = V(W)A}
The first-order condition (40) makes consumption a function of the state variable. Using
the maximized Bellman equation for all s =t € [0, c0),
pV (W) = w(C(WL)) + (Wi — C(W) Vv + 503, Wi Virw + (V((1 = Cu)We) — V(W)
Use the envelope theorem to compute the costate
pVir = (puVir + (kWi — COWV))Virw + o3 WeViww + 208, Wi Virww
+ (Vi (1L = G) W) (1 + Car) — Vir (W) A
Collecting terms, we obtain
(p—pu+ MV = (puWi — COW))Vww + o3, WiView + 503, W Viwrww
Vi (1= Q)W) (1 + Car)A (76)
Using It0’s formula, the costate obeys
dVw(Wy) = (uuWe — C) Vipwdt + o3 WiViwwwdt + o Wi Vipw d By
+(Viw (1 = Gun)Wi-) = Vir (W) )d N
= ((p— par + MVir — 02 WiVirw — Vi (1 + G )W) (1 + Car)A) dt
FouWiVwwdBy + (Viv (1 = Gu)We-) — Viy (W) )dN,

where we inserted the costate from (76). As a final step we insert the first-order condition

and obtain the Euler equation (41).
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5.1.3 A more comprehensive approach
As a necessary condition for optimality the Bellman’s principle gives at time s

pVIV) = max {u<os> ; %Esdwws)} (77)

Using [t0’s formula,
VW) = ((wslp—71)+1)Ws = Cs) iy + 2w2e®W2Vipw ) dt + wo W, ViydB,
+(V(Wy) = V(W,))dN,
= (((ws(p = 1) +1)Ws = C5) iy + 2w W2Viyw ) dt + wo W, Vi dB,
+(V((1 + (Js = Dy)w,_ + D)W, ) = V(W,))dN;
where o2 is the instantaneous variance of the risky asset’s return from the Brownian motion

increments. If we take the expectation of the integral form, and use the property of stochastic

integrals, we may write
B dV (W) = ((ws(p—r)+7r)Ws = Cs) Viw + 3wZa®W2Vipw
HEV((1+ (Js — Dy)ws + D)W,)] — V(W) A)dt
= (((wslp—r)+7r)Ws = C,) iy + %w?aQWEVWW + (V((e™ + (" — e")ws)Wy)q
FV((1+ (e = D) W) (1 — ) — V(W)A)dt

The first-order conditions (44) and (45) make the controls a function of the state variable.

Using the maximized Bellman equation,
pV(Wy) = u(CWY) + (1 — ) w(W) Wy + rW, — C(WL)) Viv + 2w (Wy)? Wi Vipw
+H(V((e" + (e — e)w(Wh))We)g + V(1 + (¢ = Dw(Wy))Wi)(1 — q)
V(W) (78)
Use the envelope theorem to compute the costate
pViw = ((n—r)wWy) +7)Viw + (p — r)wWy) W, +rW, — C(We))Viww
+w(Wy)2 oW, Viyw + %w(Wt)QJQWfVWWW
+Viw (€7 + (e — eM)w) W) (e" + (e — € )wy)gA
V(14 (€ = Dw)Wi) (1 + (7 = Dwy)(1 = g)A = Vi (W) A
Collecting terms, we obtain
(0= ((=r)we+r)+)Vw = ((p—r)wW,+rW, = C)Vww
+w; o Wi Viww + w; Wi Viyww
+Viw (7 + (e — eP)w) W) (" + (e — €)wi)gA
V(14 (€ = Dw) Wi) (1 + (7 = Dwi)(1 = g)A
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Using [t0’s formula, the costate obeys

AV (Wy) = ((p — r)wWs + rW; — Cy) Viwdt + swi o WiVipwwdt + wo W, Viywd By
+(Vw (1 + (Je = Dwy_ + D)Wy ) — Viy (W) )d N,

= ((p— ((u=r)we +7) + NV — w;o* W, Viyw
=V ((e" + (" — e®)w )W) (e” + (€ — e")wi)gA

Vi (T + (2 = Dw) W) (1 + (72 — Dwy) (1 — q)/\)dt

+wi oW ViywdBy + (Viy (1 + (J; — Dy)wy_ + Do) Wio) — Vi (W2 ))d Ny

where we inserted the costate from above. As a final step, we insert the first-order condition

for consumption to obtain the Euler equation (46).

5.1.4 Proof of Proposition 2.6

For constant relative risk aversion, €, the utility function reads

wW(C)="— >0 (79)

From (78) we have the maximized Bellman equation where we use functional equations from
first-order conditions (44) and (45),

CWy) = V*
C(Wy)~? pw—r  C(e" + (e — e w )W) et — e®
= A
w(Wy) OC(W,)~-1CyW, o2 T 0C(W,)~0-1Cyy W, 52 1
C((1+ (e — Dwy) W) ¥ e — 1(1 — N
0C(W)0-1Cw W, o2 1

We may use an educated guess,

Wl [%

—0
and Vi = COWt_G, and Viyy = —0C W~ =1 6 solve the resulting equation. Note that
optimal consumption is linear in wealth, C(W;) = C, Y GWt, which implies that the optimal

V(CO

(80)

portfolio weight is constant and implicitly given by

21 K

kBT K v K —9¢~ —¢€ v -
W= + (" + (e — e"w) 02 gA + (1 + (e — 1w)

Using the result that w(W;) = w is constant, and inserting the candidate policy function for

consumption into the maximized Bellman equation (78), we arrive at

1-6
Wwi-0 C. 7 wl-e i
rCo 1 t_ 0 ° 1_ et + ((p = r)wWy +rW, — C, QWt)CoW,;G — HéwzazCOWf@

+((e" + (e —eMw)' g+ (1 + (e — Dw) (1 —q) — 1)Cy ‘inl_

A
—0
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Defining iy = (u— r)w +r, oy = wo, (y =1 — e — (" — e®)wy, and collecting terms,

p o= Cof +(1—0)((u—ryw+r—Cy?)— (1 - 0)fiws?
+((e“ + (e —eMw) g4+ (14 (2 — Dw)' (1 — ¢) — 1))\

. ¢ - (p + A= (1= 0)pa — (1 - CM)lgq + 1+ (e = D) - )X 1 0)%0@ B

This proofs that the guess (80) indeed is a solution, and by inserting the guess together with

the constant we obtain the policy functions for the portfolio weights and consumption.

5.1.5 Identifying restrictions in general equilibrium

The asset market ‘solves’ a problem at each instant of time, such that equilibrium prices
should be expressible as some fixed function of the state of the economy, p, = F'(A;) which is
assumed to be C? (following the idea of the Black-Scholes formula). Observe that by stating

(34), we implicitly impose a restriction on the parameter space. The reason is that

pe = FaldAi+ JA_dN,) + LF4467 Aldt + (F(Ay) — F(A))dN,
= [FsAdt + SFAu07 Ajdt + G A FadB, + (F((1 4 J)Ain) — F(A))dN,
implies

/LF = FAﬂAt + %FAA5'2A?
ocF = FAﬁAt = FAAﬁAt:(a—(?)FA
1+ J)F(A-) = F((1+ jt)At—)

It does not help to pin down and/or it does not put a restriction of .J; as a function of .J,.

However, from the first two equations
p= (/o +1i(c—27))o. (81)

5.2 Lucas fruit-tree model in continuous-time (multiple assets)

5.2.1 Deriving the budget constraint (matrix notation)

Consider n 4+ 1 assets. Suppose that the price of an asset ¢ follows

dp;(t) = pips(t)dt + pi(t)y, dB;

1t; denotes the instantaneous conditional expected percentage change in the price of asset i,

Yi = [Yit, o, Yin) T @nx1vector, ¥ = [y, ..., 7] @anxn matrix, Q = vy " the positive definite,

29



non-singular, instantaneous conditional covariance matrix, and B; = [B(t), ..., B,(t)]" is a
n-dimensional (uncorrelated) standard Brownian motion. Let p = [y, ..., ptn) ' be the vector

of instantaneous conditional expected percentage price changes for the n risky assets,
dp; = diag(p:)pdt + diag(p:)vdB; (82)

denotes a geometric Brownian motion. Observe that diag(p:) denotes the n x n matrix
with the vector p; along the main diagonal and zeros off the diagonal. Consider a portfolio

strategy which holds n;(t) units of the asset i # 0 and ng(¢) units of the riskless asset, where
W = no(t)po(t) + PtTnt
pe = [p1(t), ..., pu(D)]T, ns = [n1(t), ..., nn(t)] T denotes the portfolio value, which obeys

dW, = po(t)dno(t) + no(t)po(t)rdt + ptTdnt + ntTdiag(pt),udt + ntTdiag(pt)ydBt
= po(t)dng(t) + no(t)po(t)rdt + ptTdnt + ththdt + thdeBt (83)

where w,W; = (n/] diag(p;))" = [n1()p1(t), ..., nn () pn(t)] T and wo(t) = 1 — w," 1 denotes the

amount invested in the risky asset. Since investors use their savings to accumulate assets,
T _ T
po(t)dno(t) + p/ dny = (mo(t)no(t) +m/ ny — Cy) dt
where m; = [71,...,m,]", and 7;(t) denotes per unit dividend payments on asset i. Then

dW, = (Wo(t)no () + 7rtTnt - Ct) dt + no(t)po(t)rdt + njdiag(pt)udt + ntTdiag(pt)fydBt
= (mo(t)no(t) +m, ne — Cy) dt + rWdt + w, (p — F)Widt + w/ YW, d B,

If there are no dividend payments, m;, = 0, the budget constraint reads

AWy = (w] (p — P)Wy + Wy — Cy) dt + w/ YW, dB, (84)
where # = [r,..,r]T =[1,...,1]Tr=1Tr.
5.2.2 The Bellman equation and the Euler equation

As a necessary condition for optimality the Bellman’s principle gives at time s

pV (W) = (g:?é) {U(Cs) + %Est(Ws)} (85)

Using 1t0’s formula,

1
dV(W,) = (((w;,r(u — )+ )W, = Cy) Viy + i(w:’y)(w;r’y)TWsz‘/WW) dt +w] YW, ViydB,

1
— (((wj(u —F) + )Wy — Cy) Viy + §wJQwSW3VWW) dt +w] YW, ViydB,
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where Q =47 = [;;] is the n x n covariance matrix of the risky assets, which is symmetric
and positive definite. If we take the expectation of the integral form, and use the property

of stochastic integrals (assuming that the integrals exist), we may write
T N L+ 2
ESdV(Ws) = ((ws (,LL — 7”) + T)WS — Cs) VW + iws Q’(USWS VWW dt

The first-order conditions (22) and (23) make the controls a function of the state variable.

Using the maximized Bellman equation,

. 1
PV (W) = u(C(W)) + (w' (= F) W)Wy + W, — C(W)) Vi + Zw(We) " Qu (W) Wi Vivw
Use the envelope theorem to compute the costate

oV = (w(Wt)T(,u —7)+r)Vw + (wT(u — (W)W + Wy — C(Wy)) Viww
1
+w T (W) Qu(W) Wi Vipw + éwT(Wt>Qw(Wt)Wt2VWWW

Collecting terms, we obtain

(p— (W (=)W +r)WVw = (w'(u—7) (W)W, +rW, — C(W)) View
Hw " (W) Quw (W) W Vigw

1
+§wT(Wt)Q’LU(Wt)Wt2VWWW (86)

Using It0’s formula, the costate obeys

1
dVW(Wt) = (th(u — TA’)Wt + ?"Wt — Ct) wadt + iththQVWWWdt
+w;r/thVWWdBt
= ((p— (w/ (=) + r)Viw — w, QuWVipw) dt + w/ YW VipwdB,

where we inserted the costate from (86). As a final step, we insert the first-order conditions

to obtain the Euler equation (24).

5.2.3 Proof of Proposition 2.1

For constant relative risk aversion, €, the utility function reads

Ctlfe

the maximized Bellman equation reads,
1-0

C
pV(We) =4 - 7

1
—+ (th(,u — TA)Wt —+ TWt — Ct) VW + éw;rthWt?VWW
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where we insert functional equations from first-order conditions (22) and (23)

1 Viv 1 R
C(Wy) =V,,° d Wi) = — Q —
W) = Vi, and (W) = =7 =)
We may use an educated guess,
B th—e

and Viy = (COW[G, and Viyw = —(9@01/1/{9’1 to solve the resulting equation,

1-6
Wl—e C*Twl—ﬁ _1
T ="1-4 <th(M — )W + W, — C, 9Wt> CoW; " = Jw, QuifCo W, ™"

we insert optimal portfolio weights w,; and solve for C,

p_C'=0-0C" (=AM u=F) =) (e 7)
1-46 1-140 0 0

_(1— Ly —ATO 1 (y— A\

<:>(C0:<—p (9 (9)7”_(1_0)2(,” 2 62 & T))

This proofs that the guess (88) indeed is a solution, and by inserting the guess together with

the constant we obtain the policy functions for the portfolio weights and consumption.

5.2.4 Proof of Proposition 2.3
For constant absolute risk aversion, n, the utility function reads

u(Cy) = —@, n>0 (89)

the maximized Bellman equation reads,
1 T . L 2
pV (W) = _Z exp(—nCy) + (wt (nw—7)Wy +rWy — C’t) Vi + S Qu W Vipw

where we insert functional equations from first-order conditions (22) and (23)

Vivw Wy

1
cwWy) = = InViy, and w(W;) = Qu—7)
We may use an educated guess,

V= —9 exp (—C{ W) (90)
C
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and Viy = Cyexp(—C,W,;), and Vi = —CoC; exp(—C,W,) to solve the resulting equation.

1 1 1
pV(W,) = _ZVW + (th(u — )Wy +rW, + 5 In VW) Vv + éththWfVWW
Co 1
= —pa exp(—CiW;) = _ZCO exp(—C1W5)

1 1
+ (’th(u - 72>Wt -+ TWt -+ Eln (CO — E(Clwt) CO eXp(—Cﬂ/Vt)

1
—§w;rthWfCoC1 exp(—C, W)

Hence, requiring that C; = nr we obtain,

Collecting terms, the second constant is pinned down by

r—p—3(p—"7)"Q  (u—7)
T

In (CQ =

This proofs that the guess (90) indeed is a solution, and by inserting the guess together with

the constants we obtain the policy functions for the portfolio weights and consumption.

5.3 The prototype production economy
5.3.1 The Bellman equation and the Euler equation

As a necessary condition for optimality the Bellman’s principle gives at time s

PV (W, A,) = max {u(CS) + %Est(Ws, As)}

Cs

Using [t0’s formula yields

1
AV = ViydW, + VadA, + §VA AGCA2dt
= ((rs — W, +wh — Co)Vipdt + ViyoW,dZ, + VaiAydt + Vac A,dB,
1
‘f‘a (VAA5'2A§ + VWWa2W3) dt
Using the property of stochastic integrals, we may write
Cs

1
pV (W, A,) = max {u(cs) + ((rs — W, +wk — C)Viy + VaiA, + 3 (Vand?AZ + VWWJQWSQ)}

for any s € [0, 00). Because it is a necessary condition for optimality, we obtain the first-order

condition (66) which makes optimal consumption a function of the state variables.
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For the evolution of the costate we use the maximized Bellman equation

pV (Wi, Ay) = u(C (Wi, Ap))+((ri—0) Witwf —C (W, At))VW+VAﬂAt+% (Vaad® A7 + Vipw o W7)
(91)
where r; = r(W;, 4;) and wF = w(W;, A;) follow from the firm’s optimization problem, and
the envelope theorem (also for the factor rewards) to compute the costate,
Vi = AAVaw + ((ry — W, +wk — C)Vipw + (ry — 6)Viy + % (Vivand> A} + ViwwwoW7)
+Viw oW,

Collecting terms we obtain
1
(p — (Tt — (5))VW = VAWﬂAt + ((?“t — 5)Wt -+ ’LUtL — Ct)VWW + 5 (VWAA(?QA? —+ VWWW02WE)
+O’2VWth
Using It0’s formula, the costate obeys
1
dVW = VAwﬂAtdt + VAwﬁAtdBt + 5 (VWAA62A,52 + VWWWUQWE) dt
+((Tt — 5)Wt + th — Ct)VWWdt + VWWUWtdZt
where inserting yields
dViw = (p— (ri — 0))Viwdt — c*VipwWidt + Vaw Ai5d B, + ViywW,0dZ,

which describes the evolution of the costate variable. As a final step, we insert the first-order
condition (66) to obtain the Euler equation (67).

5.3.2 Proof of Proposition 3.1

The idea of this proof is to show that together with an educated guess of the value function,
both the maximized Bellman equation (91) and first order condition (66) are fulfilled. We

may guess that the value function reads

(CIVth—H

V(M/t7 At) = 1 o 0

+ f(Ar) (92)
From (66), optimal consumption is a constant fraction of wealth,

cl=cw ' e c=c;''w,
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Now use the maximized Bellman equation (91), the property of the Cobb-Douglas technology,
Fyg = aA K L and Ff, = (1—a) AKX L, ®, together with the transformation K, = LW,
and insert the solution candidate,

_1-06
[

c; o Wi
pV (W, Ay) = ﬁ + ((ry — O)W; + wl — C(Wy, A))WViy + Vai A
1
+§ (Vaad® A7 + Vipwo*W7)
o S i
< P 1-0 = ﬁ + (aAtWtO‘*th — Wi+ (1 —a)A WS = C Wt)(C1W[9

1
—§9C1 VV,}*GU2 —g(Ay)

where we defined g(A;) = pf(Ar) — fafids — 5 fa46?A?. When imposing the condition a = 6
and g(A:) = C,A; it can be simplified to

C,w; C;%thfe —0 _ 1011 1 _
P13 +9(A) = —1"4 + (AW — w0 — T 'wlr0 e, — §9C1Wt1 0,52

1
s oW = e 'Wt — (1 - 0)sw — SUCEOl/al

which implies that

p+(1—6)5+360(1—0)0*
0
This proofs that the guess (92) indeed is a solution, and by inserting the guess together with

the constant we obtain the optimal policy function for consumption.

5.3.3 Proof of Proposition 3.3

The idea of this proof follows Section 5.3.2. An educated guess of the value function is
(CIth—ozﬁ
1—ab

From (66), optimal consumption is a constant fraction of income,

VW, A) = A (93)

Crl=CW 40 o ¢ =C'wrea,

Now use the maximized Bellman equation (91), the property of the Cobb-Douglas technology,

Fx = aA K 'L and Fp, = (1—a) A, KX L™2, together with the transformation K, = LW,

and insert the solution candidate,

S U
1—-4

(Vand® A7 + Vipwo*W7)

pV(W, A) = + ((ry — O)Wi + wl — C(Wy, A))Viy + Vai A,

_|_

| —
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which is equivalent to

1-0
Clwtl—ozﬁ A;Q _ Cl 9 Woz—ozHAtl—H B e(clv[/tl—aﬁ ﬂA;Q
1—af —0 1—ab

(Mtwa SWi + (1 — o) A,We — C_I/GW“At) CiW, A0
1
2

1—ab
2004067 — ab(1 — ab)o )%At_e

Collecting terms gives

1—-6

C, ° WA,

p=(1-ab)~—— — 0+ (1— a®) AW — (1 — ab)d

1
—(1—af)C; WA, + = 5 (001 +6)7° — af(1 - ab)c?)

o pt 0 % (0(1+0)5° — ab(1 — a0)0®) + (1 — ab)s =

(%C_l/e —I— 1> (]_ — OZ@)AtVVta_l

which has a solution for C; 1/ =(#—1)/0 and

p=—0n+ % (0(1+6)5° — af(1 — ab)o?) — (1 — abd)d

This proofs that the guess (93) indeed is a solution, and by inserting the guess together with

the constant we obtain the optimal policy function for consumption
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