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The Structural Transformation of Innovation

Executive Summary
The goal of the second Work Package is to develop a multi-sector model of innovation that is
rich enough to offer new insights about the effects of various innovation policies on productiv-
ity growth but also translates the shift from manufacturing to services industries. To do so,
the deliverable D2.1 develops a unique modelling approach which conceptualizes endogenously
the direction of technical change with a demand system that allows for non-homotheticities in
consumption that differ across sectors. This setting is capable of reproducing structural trans-
formation (i.e., reallocation of economic activity across sectors as they develop) we observe in
the data. Similarly, this setting is capable of producing a reallocation of innovation activity
towards higher income-elastic sectors, structural transformation of innovation, similar to what
we have observed in the data.

Our theory provides a framework to study the general equilibrium interactions between demand-
pull and technology-push forces in determining the equilibrium rates of innovation and produc-
tivity growth across industries. We provide simple and intuitive characterizations for the evo-
lution of R&D intensity across sectors. In the model, the asymptotic rates of innovation and
productivity growth are pinned down by the income elasticities of sectoral outputs. We show
that the rates of growth of R&D expenditure and patents in the US show sizable correlations
with the income elasticities of their outputs, estimated using micro-level household consumption
surveys.

We document a change in the direction of innovation both in terms of sectoral composition of
R&D investment and patent applications that we call the structural transformation of innova-
tion. A significant driver of the structural transformation of innovation is the income elasticity
of demand for the value added produced in the sector. For example, a one standard deviation in
the sectoral income elasticity is associated with over 50% of the standard deviation of the change
in the sectoral R&D share. We develop a multi-sector endogenous growth model in which the
direction of innovation across sectors is endogenous. A calibrated version of the model simulta-
neously accounts for the transformation of the sectoral distribution of employment as well as of
the structural transformation of innovation.
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1. Introduction

Modern economies go through immense structural transformations as their incomes
grow: the shares of manufacturing industries in employment and output dramatically
decline, while they continuously rise for services. What are the implications of these
transformations for understanding the future of growth? Historically, manufacturing
industries have shown the fastest rates of technological growth, have hired the most
number of R&D workers, and have created the highest volumes of patents, our best
available indicator of innovation. In contrast, service industries are often associated
with slow productivity growth and low intensity of innovation activity. These obser-
vations have caused concerns about the sustainability of innovation and productivity
growth among academics and policy makers.1 These concerns stem from a view of
growth that emphasizes the role of technological possibilities as the key determinants
of the direction of innovation. If technological possibilities determine which industries
are innovation-intensive and which are not, growth will inevitably slow down when
the share of economic activity in the former group falls.

As early as Schmookler (1966), however, economists have noted that, due to the
non-rivalry of ideas, there are strong incentives for innovation efforts to shift to sec-
tors with larger market demand. Accordingly, to the extent that consumer preferences
act as drivers of sectoral market size, they may also act as determinants of the sec-
toral intensity of innovation. In particular, changes in consumer income can result in
shifts in patterns of consumption across sectors. Indeed, recent work has shown that
the income elasticities of goods and services produced by different industries show
robust and persistent differences (Aguiar and Bils, 2015), and that these differences
explain a major part of the long-run reallocations of output and employment across
sectors (Boppart, 2014; Comin et al., 2015). These observations provide us with an
alternative view for the future of growth: one in which innovation will follow the pat-
terns of structural transformation, and the pull force of demand will raise the rates of
innovation and productivity growth in highly income elastic sectors such as services.

In this paper, we study how demand nonhomotheticity and technological possi-
bilieis together shape, first, cross-sectoral variations in market size and, second, the
sectoral direction of innovation. We first empirically document that the income elas-
ticities of the outputs of US industries significantly correlate with the rates of growth

1Baumol (1967) famously coined the term “cost disease” to describe a chronic problem of the per-
sonal services industry that limits the potential for productivity growth in this sector. More recently,
Gordon (2016) has forcefully argued that the main innovations driving the productivity growth
of the manufacturing sector in the 20th century were unique to this era and will not be matched
by the more recent innovations in the information and telecommunication industries (see also The
Economist’s special issue Innovation pessimism: Has the ideas machine broken down?, 2013). Clark
(2016) discusses the close connection between the phenomenon of structural transformation and
Gordon’s projections about the future of growth.
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of patenting and R&D expenditure, as proxies for the output and inputs of innova-
tion. For this exercise, we use income elasticity estimates that Aguiar and Bils (2015)
have obtained using household-level Consumption Expenditure Survey (CEX) data in
the US. We further develop a multi-sector model of endogenous growth with nonho-
mothetic demand and persistent variations in relative income elasticities of sectoral
outputs. We find that for, a general class of innovation possibilities frontiers, the in-
come elasticities of sectoral outputs ultimately determine technological growth across
industries. The asymptotic equilibrium paths of our economy give rise to the types of
correlations that we empirically document in the paper.

To see the core mechanism of our theory and to better appreciate potential interac-
tions between the pull force of demand and push force of technology, consider a static
closed economy with two sectors: services (s) and manufacturing (m). Relative output
of the two sectors Ys/Ym equals the relative demand, which in general depends both
on relative prices (Ps/Pm) and income (real consumption Ctot). Equalization of the
marginal product of productive factors imply that relative sectoral prices (negatively)
depend on the relative states of technologies (Ns/Nm) in the two sector. We can show
these relationships as

Ys

Ym
= D

(
Ps

Pm
; Ctot

)
and

Ps

Pm
= P

(
Ns

Nm

)
.

A body of evidence shows that broad categories of goods are gross complements;
therefore, the relative expenditure of households D is increasing in relative prices
Ps/Pm. Together, these demand-side relations suggest relative output is negatively
related to relative sectoral technologies. In addition, we can capture the forces of tech-
nological possibilities through an innovation supply function

Ns

Nm
= T

(
Ys

Ym

)
,

that shows how relative technology may (positively) respond to the relative size of
output and demand. Substituting for the relative prices and intersecting supply and
demand, the model endogenizes equilibrium technology (N∗s /N∗m) as a function of
income Ctot. Figure 1 shows how a rise in income Ctot affects the equilibrium bias of
technology when sector s is more income elastic relative to m. So long as the market
size elasticity of the supply of innovation exceeds zero, as income rises the relative
state of technology improves in sector s.

Our theory shows how the core mechanism of this static model generalizes to a dy-
namic setting, and endogenously determines both the rates of growth and the levels of
technology in an infinite-horizon multisector growth model.2 We use nonhomothetic

2In this sense, our model can be distinguished from theories of factor-biased technical change (Ace-
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CES preferences (Hanoch, 1975; Comin et al., 2015) to account for variations in the
income elasticity of sectoral outputs and formulate the pull forces in demand D. We
assume that entrepreneurs innovate to create novel sector-specific varieties, and that
the masses of these varieties determine the states of sectoral technologies in a Romer-
style setting. We account for the push forces in our formulation of T through heteroge-
neous costs of innovation for different sectors and allow for intersectoral knowledge
spillovers.

Along the equilibrium path of our model, two conditions fully characterize the al-
location of sectoral innovation, offering simple and intuitive expressions for their dy-
namics. First, the entrepreneurial arbitrage condition, or simply the free entry con-
dition, equates the value of entry across sectors. This implies that the productivity of
R&D (in creating new varieties) and the value of each new variety are inversely related
across sectors. Second, the R&D investment arbitrage equation equates the return to
investing in the value of monopoly assets across different sectors. This implies that the
sum of growth in value of monopolies and their dividend to value ratios are equalized
across sectors. Together, these two conditions imply that the allocation of R&D at any
point in time depends on two distinct distributions across sectors: the distribution
of (production) market size, and the distribution of (knowledge) asset values. The
distribution of market size captures the role of demand-side pull forces, and the distri-
bution of asset values captures that of technology-side push forces. The allocation of
R&D workers across sectors is given by a linear combination of these two distributions
at any point in time.

We further characterize the asymptotic rates of technological growth for different
sectors, along equilibrium paths that converge to a constant rate of growth in real
income. We find that relative income elasticities asymptotically pin down both the rel-
ative shares of R&D investments and the relative rates of technological growth across
sectors. Sectors that produce more income elastic goods asymptotically grow fasters in
terms of innovation and productivity. We show that these asymptotic results explain
the empirical regularities that we document using firm patenting and R&D expendi-
ture, as proxies for the growth of innovation across sectors. In Appendix B, we show
that our asymptotic results generalize to a broad class of potential patterns of inter-
industry knowledge spillovers.3

Our paper contributes to a literature that investigates the determinants of the cross-
industry variations in innovation activity. This literature in particular has attempted

moglu, 2002, 2007), in which sectors reach endogenously different levels of technologies, but still
grow at the same rates. See below for further discussions of the distinctions between the two mod-
els.

3We also show that the predictions of our theory generalize to alternative formulations of the process
of innovation and endogenous growth. While we present the theory in the main paper based on an
expanding varieties model to simplify the exposition, Appendix C shows that all of our main results
also generalize to a Schumpeterian model of innovation and growth.
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Figure 1: Determination of relative technologies in a static two-sector model of en-
dogenous growth and nonhomothetic demand. The D curve shows the rel-
ative sectoral consumer demand, and the T−1 curve the relative supply of
innovation. So long as the innovation supply function is not perfectly inelas-
tic (the dashed line), when real income Ctot grows, it shifts up the relative
demand for the income elastic sector s, and the equilibrium level of relative
technology shifts to the right.

to determine whether the ultimate driver of innovation across industries is the in-
centive pull of the size of demand or the push force of technological possibilities. A
number of early and groundbreaking studies documented an industry-level relation-
ship between market size and innovation (Griliches and Schmookler, 1963; Scherer,
1982). However, these studies did not rely on a general equilibrium framework and
were therefore marred with conceptual issues. For instance, the empirical exercise fa-
vored in this literature, which consisted of correlating patents (or other measures of
innovation) with sectoral outputs, did not account for the potential reverse causality
between innovation and market size. In particular, the size of output is shaped by
sectoral prices, which in turn reflect the state of sectoral technologies. Despite some
further work in the literature (Pakes and Schankerman, 1984; Cohen, 2010), we still
lack a theoretical framework to study the interactions between technology and de-
mand in shaping the sectoral direction of innovation in a general equilibrium setting.
More recent theoretical work on growth has largely disregarded the empirical regular-
ities documented by this literature. In particular, even though the endogenous growth
theory (Romer, 1986, 1990; Grossman and Helpman, 1990) relies on Schmookler’s con-
cept of private, profit-driven R&D, but it has abandoned the question of sectoral bias
of innovation in favor of single sector models that study aggregate outcomes.
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We argue that the gap in the literature on the sectoral direction of innovation in part
stems from the lack of demand systems that feature persistent heterogeneity in income
elasticities. In this paper, we employ nonhomothetic CES preferences, introduced first
by Hanoch (1975) and Sato (1975) and recently used by Comin et al. (2015), to address
the difficulty in formulating such demand systems.4 We focus on constant growth
paths where persistent variations in income elasticities, in combination with income
growth, imply large variations in market sizes across sectors.5

Our theory shares some of the core features of the theory of factor-biased technical
change (Acemoglu, 2002, 2007), but is also distinct in important ways. First, Ace-
moglu (2002) focuses on the bias of innovation toward different factors of production,
e.g., skilled versus non-skilled labor, in a two-factor and one-good model of growth.
Instead, we focus on the direction of innovation across different industries in a single-
factor and multiple-good model of growth. In Acemoglu’s model, the underlying het-
erogeneity stems from the variations in the stocks (endowments) of factors of produc-
tion.6 In contrast, the underlying heterogeneity in our model is driven by the (plau-
sibly exogenous) differences in the income elasticity of goods and services produced
by different sectors. There is no a priori reason to believe that factor intensities across
different sectors necessarily produce biases similar to those we derive here based on
income elasticities.7 Even if such correlations exist, the mechanism identified in our
paper would operate distinctly from that of a theory of factor-biased technical change.

On the empirical side, very few papers have attempted to carefully identify the
response of innovation to market size. The few exceptions are Acemoglu and Linn
(2004), who report in a study of pharmaceutical industry a response in terms of the
number of drugs developed, but not for patents (see also Cerda, 2007; Budish et al.,
2015). More recently, Jaravel (2017) provides evidence that product innovations are
disproportionately biased toward goods consumed by high-income households, us-
ing barcode-level scanner data from the US retail sector.

The paper is organized as follows. Section 2 discusses our empirical exercise. Sec-
tion 3 presents the model, and Section 4 concludes the paper. Most proofs are con-
tained in Appendix A.

4We note another recent theory that has studied sectoral composition of innovation in a two-sector
model for the production of goods and services (Boppart and Weiss, 2013).

5Relatedly, previous work in the field of industrial organizations (see, e.g., Cohen et al., 1987) has used
variations in the income elasticity of demand to account for variations in R&D intensity of firms.

6We note that, importantly, Acemoglu (2002) abstracts away from factor accumulation in his theory
of factor-biased technical change, assuming exogenous and constant factor endowment across the
economy. It is likely that accounting for factor accumulation may modify some of the predictions of
the benchmark theory of factor-biased technical change.

7We note that a recent paper by Caron et al. (2014) in fact documents a correlation between skill inten-
sity and income elasticity of demand for outputs across sectors, based on trade flows data.
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2. Motivating Evidence

Let us begin by revisiting the cross-sectoral relationship between innovation and mar-
ket size. As we mentioned in the introduction, an earlier literature has documented
strong correlations between innovation activity and the size of output across sectors,
but we cannot readily interpret such relations as evidence for the effect of latter on the
former. Here, we instead aim to document the relationship between innovation activ-
ity and plausibly exogenous measures of the income elasticity of sectoral outputs. This
allows us to examine the extent to which the variations in the dynamics of innovation
outputs and inputs may be driven by the dynamics of sectoral demand differences as
income grows.

As for the measures of income elasticities for different industries, we rely on the mi-
cro estimates of Aguiar and Bils (2015) based on the Consumption Expenditure Survey
(CEX) for the period of 1980-2010. Aguiar and Bils (2015) provide estimates for the in-
come elasticity of 20 different categories of consumption expenditures. Their choices
of these 20 categories are driven by the availability of consistent observations in the
CEX. We first map these estimates to 69 standard Personal Consumption Expenditure
(PCE) product types (BEA table 2.4.5). We then use the crosswalk between PCE cate-
gories and NAICS industry codes at the 2 and 3 levels of classifications. We associate
all industry codes corresponding to the same PCE commodity type with the same
elasticity.

We use two different proxies for innovation activity at the industry level: total num-
ber of patents and total R&D expenditures of private firms. Our patent data includes
all patents issued by the USPTO between 1976 to 2015. We employ the following strat-
egy to assign patents to different industries. We focus attention on the set of patents
that are assigned to companies included in the compustat dataset. We then associate
each patent to the industry class (NAICS or SIC) of the company based on the compu-
stat data. This procedure leaves us with a total of 778,558 patents. For the R&D expen-
diture, we rely on the confidential Business R&D and Innovation Survey (BRDIS) and
its predecessor Survey of Industrial Research and Development (SIRD) administered
by NSF, matched to the LBD data. We aggregate the R&D expenditure of the firms that
belong to the same industry code.

Our measures of income elasticity vary at the industry level, but the relation be-
tween our proxies of innovation activity and the underlying innovation may also vary
across industries. To deal with this problem, we focus on the rates of growth of our
proxies as the variables of interest. To the extent that the mapping between our prox-
ies and the underlying innovation activity is linear and invariant over time, using the
rates of growth as the outcome variable allows us to compare the differences in the
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Raw Patents Patent Weighted by Citations

(1) (2) (3) (4) (5) (6)

Elasticity 0.024 .024∗∗∗ .016∗∗∗ .025 .025∗∗∗ .016∗∗∗

(.020) (.007) (.007) (.021) (.006) (.008)
Year FE No Yes Yes No Yes Yes
Broad Ind. FE No No Yes No No Yes
R2 .0004 .91 .91 .0005 .90 .90

Obs. 3002, s.e.: robust, clustered at year and NAICS 1, respectively.

Table 1: Regressions of annual patent growth on the income elasticity parameters from
Aguiar and Bils (2015). The three columns on the left include the total num-
ber of patents, while the three columns on the right weight patents by their
number of citations.

dynamics of the underlying activity across sectors.8 Accordingly, we run regressions
of the form

InnovGrowthit = α + β εi + FEt + FEI + errorit,

where InnovGrowthit is growth in R&D and patents in sector i at time t, εi is the proxy
for the income elasticity of goods and services produced by industry i, FEt is a time
fixed effect, FEI is a fixed effect for a broad industry code (NAICS 1-digit).

Table 2 shows the relation between the growth in the number of patents and the
income elasticity across 3 digit NAICS codes. We find relatively robust and sizable
correlations between the growth in patenting and our measures of income elasticity.
An estimated value of 0.24 implies that the rate of patenting grows 1.5% faster in an
industry at the 95 percentile of income elasticity (εi = 1.48) relative to one at the 5
percentile (εi = 0.82). As we can see, the estimates are fairly robust to the inclusion
of fixed effects for time and broad industry classes (NAICS 1 digit). Note, however,
that some of the variations across broad industries are also driven by the differences
in the income elasticity of the outputs of these sectors, e.g., the difference between
manufacturing and agriculture. Nevertheless, it is reassuring that we can find similar
estimates when relying only on the variations of income elasticities within broader
sectors (NAICS 1 digit industries).

For further robustness, the three columns on the right of the same table present
the regressions weighted by the patents’ the numbers of citations, to account for the
differences in the quality of the underlying innovation. We find that the estimates do
not show sensitivity to the choice of weighting of patents.

Table 2 shows the relation between the growth of R&D expenditure, as a proxy for

8In Section 3 below, we discuss how these proxies relate to the predictions of the model.
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(1) (2) (3)

Elasticity 0.001 .136∗∗∗ .496∗∗∗

(.069) (.06) (.127)
Year FE No Yes Yes
Broad Ind. FE No No Yes
R-squared .004 .257 .349

Number obs. is 1120. Robust standard errors in parenthesis.
Weighted regression by number of obs. by industry.

Table 2: Regressions of the rate of R&D expenditure growth on the income elasticity
parameters from Aguiar and Bils (2015).

innovation inputs, and the income elasticity across industries using the BRDIS and
SIRD data. In this case, we need to include the fixed effects to uncover the relation-
ship. However, the estimates appear at least an order of magnitude larger than those
obtained when we use patents as the proxy for innovation outputs.

We conclude from these results that micro-level estimates of income elasticity of in-
dustry outputs, drawn independently based on consumer surveys, are correlated with
the growth in different proxies of inputs and outputs of innovation across industries.
In the next section, we offer a theoretical framework to understand and interpret the
empirical relationships uncovered in this section.

3. Model

Consider an economy endowed by one factor of production, labor, that is inelastically
supplied by a mass H of households. Households consume goods produced by a fixed
set of I distinct industries, which we may interchangeably refer to as sectors. Goods
in each industry are produced by perfectly competitive producers who use as their
inputs a set of industry-specific intermediate goods. Innovators invent new varieties
of intermediate inputs for each industry.

The innovation side of the economy has a simple Romer-style expanding varieties
structure. R&D firms hire workers and direct their research and development efforts
to a given industry and develop novel intermediate goods intended for production in
that specific industry. Upon success in creating a new intermediate product in a given
sector, the R&D firm earns perpetual monopoly rights on the invented blueprint. Eq-
uity shares in firms that produce the resulting intermediate inputs are the only invest-
ment instrument in this economy.

This simple set up allows us to focus attention on our main channel of interest,
which is how the differential market size effect implied by preference nonhomothetic-
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ity determines the direction of firms’ R&D efforts. In Appendix 2 we show that all of
our results also generalize to a standard Schumpeterian structure for the innovation
side of the model.

Notation We denote logarithms of variables with lower case letters, for instance,
pi (t), qi (t), and yi (t) denote logarithms of Pi (t), Qi (t), and Yi (t), respectively. We
denote vectors and matrices with bold face notation, for instance p (t) is a vector with
elements [pi (t)]

I
i=1. The only exception to this rule is the real interest rate, which we

denote by r (t) to maintain the notation most familiar for the readers.

3.1. Demand and Income Elasticities
There is a mass H of identical households with preferences characterized by the stan-

dard intertemporal utility ∫ ∞

0
e−ρt C (t)1−θ − 1

1− θ
dt, (1)

where C (t) aggregates a bundle of sectoral consumption goods C (t) ≡ {Ci (t)}I
i=1 ,

according to the implicitly defined function

I

∑
i=1

Ξ
1
σ
i

(
Ci (t)
Cεi (t)

) σ−1
σ

= 1. (2)

In Equation (2), εi > 0 is a parameter specifying the income elasticity of demand for
sector i, while Ξi > 0 is a sector specific taste parameter and σ is the elasticity of
substitution.

The aggregator in Equation (2) belongs to the family of nonhomothetic CES prefer-
ences, introduced first by Hanoch (1975) and Sato (1975) and used recently by Comin
et al. (2015) in a theory of structural change. This aggregator has the unique property
that it allows for heterogeneity in income elasticities of sectoral goods for all levels of
income, while maintaining the constancy of elasticity of substitution as in the stan-
dard CES preferences. Moreover, as we will see below, these preferences give rise to
a log-linear demand system that closely parallels recent empirical work documenting
robust variations in the income elasticity of demand across sectors (see Young, 2012,
2013; Aguiar and Bils, 2015). Different features of nonhomothetic preferences have
been extensively discussed in (Comin et al., 2015).

Solving the expenditure minimization problem for the households, we find that sec-
toral demand is given by

Ci (t)
C (t)

=

(
Pi (t)
P (t)

)−σ

C (t)(1−σ)(εi−1) , (3)

10



where P (t) indicates the aggregate price index, which is a function of real consump-
tion C (t) and sectoral prices. This function is defined by

P (t) = P (C (t) ,P (t)) ≡
(

I

∑
i=

Ξi

(
Pi (t)C (t)εi−1

)1−σ
) 1

1−σ

. (4)

Equations (3) and (4) characterize the optimal allocation of consumption across goods
from different sectors for aggregate real consumption C (t) and vector of sectoral prices
P (t). We normalize the household wage (labor income) to 1 in every period.

The next proposition characterizes the allocation of aggregate real consumption
C (t) over time for a given path of real interest rate [r (·)]∞t=0 and sectoral goods prices
[P (·)]∞t=0. The proof of the proposition in included in Appendix A.

Proposition 1. (Household Intertemporal Problem) Consider the problem of a household that
chooses time paths of aggregate consumption and assets [C (·) , A (·)]∞t=0 maximizing (1) for
given paths of sectoral prices and real interest rate [P (·) , r (·)]∞t=0, where the per-capita stock
of assets evolves according to

Ȧ (t) ≤ 1 + r (t) A (t)− P (t) C (t) , (5)

where 1 is the wage of household, taken to be the numeraire, and P (t) is given by Equation (4).
The household’s allocation should further satisfy the No-Ponzi condition

lim
t→∞

A (t) exp
(
−
∫ t

0
r
(
t′
)

dt′
)
≥ 0. (6)

Assume an interior solution exists for a household starting with initial level of assets A (0).
Then, the path of consumptions and assets should satisfy the following Euler equation

ċ (t) =
Ċ (t)
C (t)

=
r (t)− ρ− ¯̇p (t)

[
1 + (1− σ)Cov

(
εi

ε(t) , ṗi(t)
ṗ(t) ; t

)]
θ + ε̄ (t)

[
1 + (1− σ)Var

(
εi

ε̄(t) ; t
)]
− 1

, (7)

as well as the transversality condition

lim
t→∞

e−ρt A (t)
P (t)

C (t)−θ 1
ε̄ (t)

= 0. (8)

In the Euler equation above, ṗ (t) and ε (t) denote the economy-wide expenditure-weighted
averages of sectoral price growth ṗi (t) income elasticity parameters εi and the rate of growth
of prices where the expenditure shares are given by Ωi (t) ≡ Pi (t)Ci (t) /P (t)C (t). The
variance and covariance terms are also similarly defined under the sectoral distribution defined
by expenditure shares Ω (t).
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Furthermore, assume that σ ∈ (0, 1] and εi > 1− θ for all i. Then, the household problem
has a unique solution characterized by the Euler equation and the transversality condition
above.

Henceforth, we assume the conditions specified in the proposition to ensure the
uniqueness of the solution are satisfied in our economy.

Proposition 1 and the static demand allocation Equation (3) jointly characterize the
paths of sectoral consumption for consumers with preferences that feature long-run
income nonhomotheticity. First, we observe that in the special case where εi ≡ 1 for
all sectors i, the preferences reduce to the standard CES and the Euler equation (7)
reduces to the familiar form of θ · ċ = r− ρ− ṗ.9

In the more general case of nonhomothetic CES where εi’s vary across sectors, the
Equation (7) deviates from the standard Euler equations in two important ways. First,
the term ε̄ (t)

[
1 + (1− σ)Var

(
εi

ε̄(t) ; t
)]
− 1 in the denominator accounts for the fact

that in presence of nonhomotheticity, the concavity of the instantaneous utility func-
tion and, correspondingly, the elasticity of intertemporal substitution both vary with
time and real income. Second, the term (1− σ)Cov

(
εi

ε(t) , ṗi(t)
ṗ(t) ; t

)
in the numerator

shows that consumption grows faster to the extent that prices are falling relatively
faster for more income-elastic goods, since households would be more inclined to sub-
stitute future consumption with current consumption.

The following corollary highlights a key implication of Proposition 1 that we will
heavily use in our characterization of the general equilibrium.

Corollary 1. Along an optimal consumption path for households, the growth rates of aggregate
real consumption, aggregate consumption expenditure satisfy

εi (t) ċ (t) = ė (t)− ṗi (t) , (9)

where ė (t) denotes the growth rate of consumption expenditure E (t) ≡ P (C (t) ,P (t))×
C (t).

The growth in the share of a given sector i in consumption expenditure is given by:

ω̇i (t) ≡
Ω̇i (t)
Ωi (t)

= (1− σ) (εi ċ (t) + ṗi (t)− ė (t)) ,

= (1− σ)
[
(εi − εi (t)) ċ (t) + ṗi (t)− ṗi (t)

]
.

This expression shows two distinct forces that shape the evolution of sectoral share
of consumption expenditure: 1) the difference between the sector’s income elasticity

9Note that the equality ṗ (t) = ∑i Ωi (t) ṗi (t) = ṗi (t) , which we used to find θ · ċ = r− ρ− ṗ, only
holds in the special case of homothetic preferences where the changes in the aggregate price index
are only driven by changes in prices.
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parameter and the share-weighted average of all sectors, and 2) the difference between
the sector’s rate of growth in prices and the share-weighted average rate among all
sectors. The relation ensures that the identity ∑i ω̇i (t) = 0 is satisfied for all t.

3.2. Production

Labor is the only factor of production in the economy. Production in each sector in-
volves two groups of producers. First, a continuum of monopolistically competitive
firms produce sector-specific intermediate goods. Second, perfectly competitive final
good producers at each sector combine sector-specific intermediate goods to produce
output consumed by the households.

Let us assume that sector i at time t has a continuum of Ni (t) varieties of intermedi-
ate goods. Second-stage final good producers in this sector produce the final sectoral
output using the production function

Yi (t) =

(∫ Ni

0
Xiv (t)

ζ
ζ+1 di

) ζ+1
ζ

, (10)

where Xiv (t) is the sector-specific intermediate input of type v. We assume ζ > 0 so
that the elasticity of substitution among different intermediate goods ζ + 1 exceeds 1.

The producer of product v in sector i has an eternal monopoly over the market for
that good. This monopolist firm produces intermediate goods at constant marginal
cost Φ in units of labor, and sells it to the final producers of the sectoral good. Since the
elasticity of demand faced by the monopolist for her particular variety is 1+ ζ, all mo-
nopolists charge the same price Piv (t) =

ζ+1
ζ Φ. We normalize the price of intermediate

goods to 1 by assuming that the value of the marginal cost satisfies Φ ≡ ζ/ (1 + ζ).
Given that the markets for final sectoral goods are competitive, price Pi (t) of fi-

nal goods in sector i equals the marginal cost of production. Since all intermediate
goods sell at the same unit price, sectoral good prices depend solely on the number of
available intermediate good varieties Pi (t) = Ni (t)

− 1
ζ . Accordingly, we can write the

profits Πiv (t) accrued to a monopolist operating the variety v in sector i as

Πiv (t) =
1

1 + ζ
Xiv (t) =

1
1 + ζ

(
Pi (t)
Piv (t)

)1+ζ

Yi (t) ,

=
1

1 + ζ

1
Ni (t)

(
Pi (t)Yi (t)

Y (t)

)
Y (t) , (11)

where we have defined Y (t) as the total value of output in the economy, that is,
Y (t) ≡ ∑i Pi (t)Yi (t). Note that the expression within the parentheses on the second
line corresponds to the share of final production in sector i.
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Equation (11) already contains the core mechanisms driving the direction of inno-
vation in our model. In particular, we can identify two different components that
influence the size of profits reaped by a monopolist in a given sector. First, there is

the price effect
(

Pi
Piv

) 1
ζ
= 1

Ni
that declines as the number of varieties rises and the tech-

nology advances in a given sector. Better technologies reduce the prices charged on
a given item and reduce the potential profits for a given level of output. The second
term Pi (t)Yi (t) /Y (t) is the share of industry i in the total output of the economy.
With a given technology at the sectoral level, if the share of that sector in the economy
rises, the profits of monopolists in that sector follows suit. This is the market size effect.
As we will see below, in our model the income elasticities together with sectoral prices
determine the market size for a given level of total output.

3.3. Innovation and Technology-Push

R&D firms hire workers to pursue research and develop new varieties. Since varieties
are sector-specific, they have to decide the sector to which they direct their activities.
If R&D firms hire Zi workers to invent intermediate goods in sector i, new varieties
arrive a flow rate

Ṅi (t) = Si (N (t)) Zi (t) , (12)

where Si is the efficiency of R&D workers in sector i. The efficiency Si (·) of R&D
workers depends on the state of technology in all sectors N (t) and specifies an inter-
sectoral innovation spillover function. The idea is that innovators in sector i benefit from
the available stock of knowledge in other sectors as well as that in their own sec-
tor, and therefore costs of inventing new varieties should vary as the number of vari-
eties change over time. The function Si characterizes the technology-push side of our
model. Formally, we assume these functions satisfy the conditions stated in Assump-
tion 1 below.

Assumption 1. Let S : RI
+ → RI

+ be a 2nd order differentiable and positive valued function
such that ∂Si/∂Nj ≥ 0 for all pairs i and j. We assume that each element Si is homogenous of
degree 1 in its arguments for all i. Moreover, we assume that the following limit always exists
and is bounded away from zero

lim
Ni→∞

Si (N )

Ni
> 0, (13)

for all sectors i and for all vectors of technological statesN ≡ (Ni,N−i).

The first part of the assumption merely imposes the intuitive constraint that the rise
in knowledge stock of a sector j cannot reduce the productivity of innovators in any
other sector i. The homogeneity of degree 1 is required in order to allow for sustained
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growth in our economy, in which the scarce factor of labor is used in the innovation
sector. The intuition behind the constraint (13) is also rather straightforward. From
Equation (12), we can see that the fraction Si

Ni
gives the technological growth generated

in sector i per unit of R&D labor. The condition (13) then states that we can sustain
growth in any given sector i by investing in R&D within that sector, regardless of
the state of technology in all other sectors. This condition, in particular, rules out
innovation spillover functions Si (·) functions that are asymptotically Cobb-Douglas.10

We generally attempt to provide characterizations of the behavior of our economy
for general intersectoral innovation spillover functions S satisfying Assumption 1.
However, in order to provide clear predictions from the model, we need to make
more specific functional form assumptions. Below, we present one particular func-
tional form, which we later employ for characterizing the equilibrium paths of our
model.

Definition 1. Consider the following choice for the innovation spillover functions

Si (N (t)) =
1
ηi

Ni (t)
δ S (N (t))1−δ , (15)

where δ ∈ [0, 1], and S (N (t)) is homogenous of degree 1 and monotonically increas-
ing in its arguments. Note that in the special case of δ = 1, we reach the case with
no cross-industry innovation spillovers. Function S provides an index of the general-
purpose stock of knowledge in the economy that is the main source of innovation
spillovers to all other sectors. The spillover functions defined by Equations (15) allows
for potential asymmetry across sectors in the way they contribute to the economy-wide
source of spillovers. However, it assumes perfect symmetry across sectors in the way
they receive spillovers from the economy-wide source of ideas S. To ensure condition
(13), function S has to satisfy

lim
N−i→o

S (N )

∣∣∣∣
Ni=1

> 0,

where N−i ∈ RI−1 is the vector of all sectoral technologies with sector i removed. An

10To see why, note that the asymptotic R&D employment in any given sector i has to satisfy

lim
t→∞

Zi (t) = lim
t→∞

ṅi (t)
Si (t) /Ni (t)

. (14)

If condition (13) is violated for a given sector, then sustaining asymptotically constant technological
growth ṅi (t) requires unbounded growth in R&D employment for that sector.

15



example of such a function is given by

S (N ) ≡
(

I

∑
i=1

ϑ
1−ς
i Nς

i

) 1
ς

, ς > 0, (16)

where ς a parameter specifying the degree of substitutability between different types
of sectoral knowledge in contributing to the general-purpose stock of knowledge.

3.4. Market Equilibrium

We first review the conditions that characterize equilibrium allocations of the economy
and, along the way, identify the set of variables that together characterize an equilib-
rium allocation in our economy.

Market Clearing Since we have assumed a closed economy, the output in each sector
has to equal the total sectoral demand, Yi (t) = H Ci (t). Thus, the share of a given
industry in total output value equals the household expenditure shares on products
from that sector, i.e., PiYi

Y = Ωi, which is in turn given by the demand equation (3). Sub-
stituting the share of each industry in total value in the expressions for the monopoly
profits (11), we find the following relation for the relative profits of the monopolists in
two different sectors i and j

Πi

Πj
=

Nj

Ni︸︷︷︸
price effect

×
(

Nj

Ni

) 1−σ
ζ

C(1−σ)(εi−εj)︸ ︷︷ ︸
total market size effect

,

=

(
Nj

Ni

)1+ 1−σ
ζ

︸ ︷︷ ︸
technology effect

× C(1−σ)(εi−εj)︸ ︷︷ ︸
income effect

. (17)

The second equality above shows the decomposition of relative profits into the total ef-
fect of technology (directly through the price effect and indirectly through the market
size effect) as well as the income effect. In particular, we see that a rise in the num-
ber of varieties of intermediates in sector i relative to sector j results in a greater than
proportional fall in the relative profits of monopolists in that sector. As a result, the
technology effect acts as a force bringing the technology levels in different sectors to-
ward convergence: better technology in a given sector erodes the profits of producers
in that sector, thereby reducing the incentives to invest in further innovation. The sec-
ond term in Equation (17) distinguishes our model from previous models of directed
technical change, by highlighting the force of income elasticities in shaping innova-
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tion incentives. If the demand for output of sector i is more income-elastic compared
to sector j, the demand for the output of this sector grows relative to sector j as the
households’ aggregate consumption grows.

Clearing the goods markets further implies that the total consumption expenditure
of households should equate the total value of output, that is,

H · E (t) = Y (t) = ∑
i

Pi (t)Yi (t) ,

=

(
1 +

1
ζ

)
L (t) , (18)

where E stands for the expenditure of a household. In the second equality we have
used the fact that the final goods markets are competitive, revenues are equal to the
costs, which in turn equate the total revenues of intermediate goods monopolists, and
the wage is normalized to unity. The total revenues of all monopolists are (1 + ζ) /ζ

times their costs, which is equal to total wages paid, L (t) ≡ ∑i Li (t).
Finally, labor markets clear when

I

∑
i=1

(Li (t) + Zi (t)) = L (t) + Z (t) = H, (19)

where we have defined total employment of R&D firms as Z (t) = ∑i Zi (t). The econ-
omy’s sole resource, total labor H, can be employed in R&D, in the form of Z (t), or in
production, in the form of L (t). We assume that households maintain a balanced port-
folio of equity shares in all intermediate goods producers at all times. Therefore, R&D
employment is an effective instrument of investment. Equation (18) shows that the
employment share of production L (t) /H changes linearly with the per-capita nomi-
nal expenditure of households. Therefore, in the aggregate, we can think of the decom-
position of H into Z and L to be reflective of the household’s allocation of available
resources between investment and consumption.

Free Entry Condition The value of owning the monopoly rights on different interme-
diate products is the same within a given sector i, given by the net present discounted
value of all future profits

Vi (t) ≡
∫ ∞

t
e−
∫ s

t r(t′)dt′ Πi
(
t + t′

)
dt′. (20)
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We can write the value Vi (t) of owning the monopoly rights over an intermediate
good in sector i as the solution to the Bellman equation

r (t)Vi (t)− V̇i (t) = Πi (t) . (21)

Along any equilibrium path, the marginal product of labor in R&D firms in any sector
i cannot exceed the unit costs of labor (wages)

1 ≥ Si (t)Vi (t) , (22)

where the expression is satisfied with equality for any sector i in which firms actively
engage in R&D, that is, Zi (t) > 0.

Equilibrium We define an allocation as a collection of the time paths of aggregate and
sector consumptions of households [C (t) ,C (t)]∞t=0, employment in production and
R&D in each sector [L (t) ,Z (t)]∞t=0, masses of varieties in each sector [N (t)]∞t=0, and
the price, quantity, and net present value of monopoly rights for each intermediate

good in each sector
{
[Piv (t) , Xiv (t) , Viv (t)]

∞
v∈[0,Ni(t)],t=0

}I

i=1
.

An equilibrium is an allocation that corresponds to the combination of constraints
imposed by household utility maximization, monopolist profit maximization, and the
free entry condition everywhere along the time paths. The sectoral and aggregate con-
sumption of households should satisfy the sectoral demand Equation (3) and the Eu-
ler Equations (7) and (8), where household assets satisfy Ai (t) = 1

H ∑i

(∫ Ni(t)
0 Vivdv

)
and aggregate and sectoral prices indices are given by Equations (4) and Pi (t) =(∫ Ni(t)

0 P−ζ
iv dv

)−1/ζ
for all i. Employment allocations satisfy Zi (t) = Ṅi (t) /Si (N (t))

and Li (t) = 1
Φ

∫ Ni(t)
0 Xiv (t) dv for all i, as well as the labor market clearing condi-

tion (19). Prices and quantities of intermediate goods satisfy Piv (t) =
(

1 + 1
ζ

)
Φ and

Xiv (t) = 1
ζ

Pi(t)Ci(t)
Ni(t)

. Finally, stocks of varieties and firm values satisfy the free entry
condition (22).

3.5. Equilibrium Dynamics

In this section, we characterize the dynamics of the allocations along an equilibrium
path, in terms of the vector of technological state variables N (t) and the aggregate
consumption (control variable) C (t). Throughout this section, we will assume an in-
terior equilibrium path, along which R&D and innovation is carried on in all sectors,
that is, Zi > 0 for all i.

We begin by defining two sectoral distributions for the allocations of output and
assets {Ω (t) , Λ (t)} . First, note that from the assets market clearing condition, the
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total value of assets in the economy is given by

H · A (t) =
I

∑
i=1

Ni (t)Vi (t) =
I

∑
i=1

Ni (t)
Si (N (t))

, (23)

where in the second equality we have used the free entry condition (22). Now, define
the share of equity values of all corporate assets held in sector i as

Λi (t) ≡
Ni (t)Vi (t)

∑i′ Ni′ (t)Vi′ (t)
,

=
1

H · A (t)
Ni (t)

Si (N (t))
, (24)

Equations (23) and (24) show how the free entry condition directly links the value
of assets held in a sector to the vector of technological states across different sec-
tors. Therefore, both the total value of assets and the sectoral distribution of assets
are pinned down at time t by the vector of state of sectoral technology N (t).11 The
economic logic is the usual force of free entry: higher innovation spillovers to a sector
reduces the cost of innovation in the sector, which in turn lowers the value of owning
intellectual property rights on an innovation in that sector. Note that Assumption 1
ensures that this value always remains finite along any allocation path.

The second sectoral allocations are the shares of sectors in output, consumption ex-
penditure, and production employment already defined by Equations (3) and (4) as

Ωi (t) =
Ei (t)
E (t)

=
Li (t)
L (t)

,

= Ξi

(
Ni (t)

− 1
ζ C (t)εi

E (t)

)1−σ

, (25)

where total consumption expenditure, or the total production employment from Equa-
tion (18), is given by

E (t) =
ζ + 1

ζ

L (t)
H

=

(
I

∑
i=1

Ξi

(
Ni (t)

− 1
ζ C (t)εi

)1−σ
) 1

1−σ

. (26)

Both sets of allocations {Ω (t) , Λ (t)} defined above are functions only of aggregate
consumption and the vector of sectoral technologies (C (t) ,N (t)) . Moreover, we can
also write the aggregate allocation of employment in the R&D sector as a function of

11As we show in Appendix 2 this relation also holds in a Schumpeterian version of the model.
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the control and state variables (C (t) ,N (t)), as follows

Z (t) = H − L (t) = H ·

1− ζ

1 + ζ

(
I

∑
i=1

Ξi

(
Ni (t)

− 1
ζ C (t)εi

)1−σ
) 1

1−σ

 . (27)

Now, assuming Zi > 0, let us combine the free entry condition (22) and the Bellman
equation (21) to find

r (t) = −ṡi (t) +
1

1 + ζ

Pi (t)Yi (t)
Ni (t)Vi (t)

,

= −ṡi (t) +
1

ζ A (t)
L (t)

H
Ωi (t)
Λi (t)

, (28)

where in the first equality, we have substituted for Πi (t) from Equation (11), and in the
second equality we have used Equations (18) and (24). Equation (28) is an investment
arbitrage condition: it states that the rate of return to investment in innovation across
all sectors have to be equated with the interest rate r (t). This equation is one of the
two key conditions, along with the free entry condition (22), that together characterize
the sectoral allocation of innovation in our model.

To make further progress, we need to assume a specific form for the spillover func-
tions Si to link the rate of growth of R&D productivity ṡi to the rates of sectoral produc-
tivity growth. We assume the definition 1 and Equation (15) for the spillover function.
With these definitions

A (t) =
1
H ∑

i
ηi

(
Ni (t)
S (t)

)1−δ

,

Λi (t) =
ηiNi (t)

1−δ

∑i′ ηi′Ni′ (t)
1−δ

, (29)

where S (t) is defined according to Equation (16). The following lemma characterizes
sectoral R&D investment, rates of productivity growth, and the interest rate along the
equilibrium path.

Lemma 1. Anywhere along the equilibrium path where the interest rate is positive r (t) > 0
and there is R&D investment in all sectors, that is, Zi (t) > 0 for all i, the allocations of R&D
employment and the rates of sectoral growth are given by

Zi (t) = Z (t) ·Λi (t) +
1
δζ

L (t) · [Ωi (t)−Λi (t)] , (30)

ṅi (t) =
1

A (t)

(
Z (t)

H
+

1
δζ

L (t)
H
·
[

Ωi (t)
Λi (t)

− 1
])

. (31)
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and the interest rate is given by

r (t) =
1

A (t)

{
1
ζδ

[
1− (1− δ)

(
Ωi

Λi

)]
L (t)

H
− 1

A (t)
Z (t)

H

}
, (32)

where
(

Ωi
Λi

)
is defined as the average of the relative output-to-assets sectoral shares, weighted

by the shares of sectoral knowledge in the general-purpose economy-wide stock of knowledge

(
Ωi

Λi

)
≡ ∑i ϑ

1−ς
i Nς

i (Ωi/Λi)

∑i ϑ
1−ς
i Nς

i

.

Lemma 1 provides an intuitive characterization for the allocation of innovation across
sectors. Equation (30) decomposes the allocation R&D employment (inputs) into two
components: a first component that allocates total R&D employment proportionally
to the shares of sectors in total knowledge assets, and a second component that pulls
R&D toward sectors whose market shares exceed their shares in assets. The pull-force
of market size sharply manifests itself in the latter component, which is a direct conse-
quence of the investment arbitrage condition (28). Since the returns to investment in
sectoral innovation has to be equalized, and since the flow of monopoly profits depend
directly on the market shares of sectors, innovation investments responds one-to-one
to the changes in market size.

Equation (31) characterizes the implications for the rate of innovation and technical
growth across sectors. To the extent that investments are allocated proportionally to
the sectoral shares in knowledge assets, the implied rates of technical growth are the
same across sectors (first term). However, the rates of technical growth across sectors
vary to the extent that sectoral market shares deviate from their shares in knowledge
assets. This implies potentially complex dynamics for the rates of innovation invest-
ments across sectors, depending on the evolution of the relative sectoral shares in out-
put and assets. In addition, the proof of the lemma in Appendix A shows that

ṅi (t) ∝
[

1
1 + ζ

Pi (t)Yi (t)
Zi (t)

− δ

]−1

,

suggesting a one-to-one relationship between sectoral R&D intensity ( Zi
PiYi

) and the
relative rates of technical growth across sectors.

We can now put the different results of this section together to characterize the
aggregate dynamics of the economy. If the economy starts at a technological state
N (0) = (N1 (0) , · · · , NI (0)). Assuming that the equilibrium allocation remains inte-
rior everywhere along the path, we can write the evolution of the entire economy as
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the following dynamical system:

Ċ (t)
C

= F (C (t) ,N (t)) ,

Ṅi (t)
Ni (t)

= Gi (C (t) ,N (t)) , for 1 ≤ i ≤ I,

where F is given by the Euler equation (7) and the expression for the interest rate
Equation (32) and Pi (t) = Ni (t)

−1/ζ , and Gi is given by Equations (31), in which the
expressions for the aggregate employment in R&D and production Z (t) and L (t) are
given by Equation (27).

3.6. Constant Growth Path

In this section, we focus attention to a class of equilibrium allocations that involve
asymptotically constant rates of growth of consumption and sectoral technologies.
Such equilibria closely parallel the balanced growth paths commonly studied in single
sector growth models.

Definition. Constant Growth Path (CGP): An equilibrium path is CGP if along the
allocation path aggregate consumption C (t) and sectoral technologies asymptotically
grow at constant rates. That is, if there exist constant nonnegative values (g∗, γ1, · · · , γI)

such that the following limits exist

lim
t→∞

ċ (t) = g∗,

lim
t→∞

ṅi (t) = γig∗, for 1 ≤ i ≤ I.

Correspondingly, let us define the asymptotic levels of real per-capita consumption
and states of sectoral technologies as

C∗ ≡ lim
t→∞

C (t) e−g∗t,

N∗i ≡ lim
t→∞

Ni (t) e−γig∗t.

We will now study how the demand side and the innovation technology side, each
impose a distinct set of constraints on the allocation of employment and expenditure,
and on the rates of technical growth across sectors along any CGP. We discuss these
constraints on the rates of growth through two lemmas. Lemma 2 presents the con-
straints imposed by the demand side and characterizes the set of industries with non-
negligible asymptotic shares in production markets. Lemma 3 presents the constraints
imposed by the innovation technology and characterizes the set of industries with
nonnegligible asymptotic shares in asset markets. Each lemma is followed by a corol-
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lary that discusses the constraints on the asymptotic levels in the allocations of sectoral
technical states and per-capita consumption. Finally, Corollary 4 combines the two
lemmas and shows that the two sets in fact have to coincide.

Lemma 2. (Demand Side Constraints on CGPs) Along any CGP, the distribution of of sectoral
consumption expenditure, employment, and output in our economy converges to a stationary{

Ω∗i
}

i, and total production employment converges to a constant, that is

lim
t→∞

Ωi (t) = Ω∗i , (33)

lim
t→∞

L (t) = L∗ > 0. (34)

Moreover, the asymptotic growth rates of technologies in different sectors (normalized by the
growth rate of real consumption) satisfy

ζ = min
i

{
γi

εi

}
=

γ∗

ε∗
, (35)

where γ∗ and ε∗ denote average (normalized) rates of technical growth and income elasticity
parameters of different sectors under distribution

{
Ω∗i
}

i. Let I∗ denote the set of industries
that achieve the minimum in Equation (35). The production shares of different sectors asymp-
totically fall at the rate

lim
t→∞

ω̇i (t) = (1− σ)

(
εi −

γi

ζ

)
g∗ ≤ 0, (36)

with the inequality being strict for i 6= I∗.

Proof. See Appendix A.

Lemma 2 characterizes the set I∗ of industries that asymptotically constitute a non-
negligible share of consumption expenditure and production employment, for a given
γ of relative rates of sectoral technical growth. The set I∗ is comprised of sectors with
the lowest ratio of technical growth to income elasticity parameter, as in Equation (35).
Asymptotically, the shares of all other sectors in output converges to zero.12 As with
the model of Ngai and Pissarides (2007), when εi = 1 for all sectors i and the prefer-
ences are homothetic, I∗ includes only the sectors with the slowest rate of technical
growth. However, in our setting the combination of supply and demand (income elas-
ticity) forces together determine the asymptotic sectoral composition of the economy.

Another key implication of Lemma 2 is that, asymptotically, a constant and finite
share L∗

H of labor is employed in production and the remainder of labor is employed in
the R&D sector. From Equation (34) and market clearing conditions (19) and (18), total

12This result also holds along an equilibrium path for the economy described in the model of (Comin
et al., 2015), in which the rates of sectoral technical growth are exogenous.
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consumption expenditure E (t) and total R&D employment Z (t) converge to constant
values E∗ and Z∗ asymptotically. The Corollary below summarizes the constraints on
the asymptotic levels implied by Lemma 2.

Corollary 2. The asymptotic shares of consumption expenditure, employment, and output in
sector i is given by

Ω∗i =


(

(C∗)εi

E∗(N∗i )
1/ζ

)1−σ

, i ∈ I∗,

0, i /∈ I∗,
(37)

where the total consumption expenditure of households and the total production employment
are asymptotically given by

E∗ =
(

1 +
1
ζ

)
L∗

H
=

 ∑
i∈I∗

Ξi

(
(C∗)εi(
N∗i
)1/ζ

)1−σ
 1

1−σ

∈
(

0, 1 +
1
ζ

)
, (38)

as functions of (C∗,N ∗).

While Lemma 2 characterizes the sectoral composition of the production side of em-
ployment based on the demand-side forces, Lemma 3 below characterizes the sectoral
composition of the R&D side based on the technological push forces. But before intro-
ducing the constraints imposed by the technological innovation side, let us introduce
a further assumption regarding the nature of inter-industrial innovation spillovers.

Assumption 2. Consider a time path [N (·)]∞t=0 for the sectoral stocks of technological knowl-
edge such that Ni (t)→ N∗i eγig∗t for all i. We assume that the technological spillover functions
S has the property that along any such path, the following limits exist

Σ∗ij (g∗,γ) ≡ lim
t→∞

∂si

∂nj

∣∣∣∣
n=n(t)

, for all i, j ∈ {1, · · · , I} .

It is straightforward to check that the class of intersectoral innovation spillover func-
tions introduced in Example 1 satisfy the condition stated in Assumption 2. This
assumption implies that we can define the asymptotic rate of growth of innovation
spillovers to sector i at γS

i g∗. Along a CGP, we have that

γS
i ≡ lim

t→∞

ṡi (t)
g∗

= ∑
j

Σ∗ijγj.

Lemma 3. (Innovation Side Constraints on CGPs) Along any CGP, our economy converges to
a stationary distribution

{
Λ∗i
}

i of sectoral shares of corporate assets. First, define the asymp-
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totic rate of growth of innovation spillovers to sector i at γS
i g∗. Along a CGP, we have that

γS
i ≥ γi, (39)

for all i. Let I† the set of sectors that satisfy the expression (39) with equality. The shares of
sector i in R&D employment and total corporate assets fall at a rate

lim
t→∞

żi (t) = lim
t→∞

λ̇i (t) =
(

γi − γS
i

)
g∗ ≤ 0,

with the inequality being strict for i 6= I† (note that λ ≡ log Λ).
Furthermore, the vector of asymptotic rates of technological growth for different sectors has

the following relationship with the income elasticities of sectoral products

γS
i − γi = (1− σ)

(
γi

ζ
− εi

)
. (40)

Proof. See Appendix A.

Lemma 3 establishes conditions for a sector to asymptotically constitute a nonneg-
ligible share of R&D employment and corporate assets in the economy. This result is
the R&D parallel to Lemma 2, which provided the same analysis for production em-
ployment. The key result is fairly intuitive: the R&D resources required to sustain a
constant rate of technical growth in a sector crucially depends on the rate of growth
of productivity of R&D workers and, in turn, the spillovers to that sector. If spillovers
grow faster than the state of technology in a given sector, asymptotical R&D invest-
ment in that sector falls over time. Because of the free entry condition, the value of
corporate assets in that sector inherit this shrinkage and the share of the sector in total
value of firms also falls over time.

The lemma further connects the relative asymptotic rates of technical growth, R&D
productivity growth, and income elasticity across different sectors in Equation (40).
This result summarizes one of the key insights of the model: it shows how sectoral
rates of technical growth will be determined by an interaction of the technology push
forces, as captured by γS

i , and the demand-pull ones, as captured by demand elasticity
parameters εi. Below, we will see how this condition helps characterize the asymptotic
rates of productivity growth across sectors in the context of the specifications of inter-
sectoral innovation spillover functions defined in Example 2.

In parallel to Corollary 2, which characterized the asymptotic composition of pro-
duction employment and consumption in the economy, Corollary 3 below character-
izes the asymptotic composition of R&D employment and corporate assets.
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Corollary 3. The asymptotic shares of different sectors in corporate assets across are given by

Λ∗i ≡ lim
t→∞

Λi (t) =
1

γig∗A∗
Z∗i
H

=

0, i /∈ I†,
N∗i

S∗i ·H·A∗
, i ∈ I†,

where S∗i ≡ limt→∞ Si (t) e−γig∗t and we further have

Z∗ = H − L∗ = g∗A∗H

(
∑

i∈I†

Λ∗i γi

)
. (41)

In light of the results of Lemmas 2 and 3, we can now combine the two sets of
constraints imposed by the demand side and the innovation sides of the model for
any CGP. Corollary 4 below states the key implication for the rates of technological
growth across sectors.

Corollary 4. Along any CGP, the set of sectors with asymptotically nonnegligible shares of
production and R&D employment are identical, that is, I∗ = I†. For all such sectors i ∈ I∗,
we have

γi = γS
i = ζεi.

Proof. Consider a sector i in I†. From (39), we have that γS
i = γi and then from

Equation (40) we find γi = ζεi, which from (36) implies that i ∈ I∗. The reverse
argument is identical.

Corollary 4 is a powerful result that holds for any intersectoral innovation spillover
functions that are compatible with a constant growth path. It states that the asymptotic
rate of technological growth in sectors that constitute significant shares of economic
activity, in production and R&D, is increasing in the income elasticity of the goods
produced by those sectors. In other words, technological growth is faster in sectors with
higher income elasticities. This result rests on two main forces: the free entry condition
and nonhomotheticity. To gain a better intuition about this result, let us combine the
free entry condition with the R&D investment arbitrage condition to find the following
condition for any technologically growing sector:

1 = Si (t)︸ ︷︷ ︸
Spillovers

× 1
Ni (t)︸ ︷︷ ︸

Price Effect

× Ωi (t)︸ ︷︷ ︸
Market Size Effect

×E∗

r∗i
,

where r∗i is a constant denoting the sector-specific discount rate. Furthermore, we
know that the market size effect implies
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Ωi (t) ∝ Ni (t)
− 1−σ

ζ × C (t)(1−σ)εi .

The argument behind Corollary 4 is now transparent. Sectors that require nonnegli-
gible R&D employment are those for which Si and Ni grow at the same rate, which
then implies that the market size should be asymptotically constant. In order for the
market size to be asymptotically constant we need γi = ζεi.

If we are further willing to make functional form assumptions about the intersec-
toral innovation spillover functions, we can further characterize which specific sectors
belong to I∗, what happens to other sectors, and what the overall rate of consumption
growth in this economy is.

Proposition 2. The asymptotic rate of technological growth for each sector i along any SGP
is given by

γi = ζ ($εi + (1− $) εmax) , $ ≡ 1− σ

ζ (1− δ) + 1− σ
∈ (0, 1) . (42)

Assume that there is a unique i∗ ∈ I , such that εi∗ = εmax > εi for all i 6= i∗ ∈ I . We have
that I∗ = I† = {i∗}, and the total value of assets asymptotically converges to

H · A∗ = ηi∗ϑ
(1−δ)(1− 1

ς )
i∗ .

If the discount rate ρ satisfies

1
ζA∗

(
1− θ − 1 + ζ εmax

1 + (ζ + 1) εmax

)
< ρ <

1
ζ A∗

, (43)

the CGP exists and is unique. In this CGP, the asymptotic real interest rate r∗ is given by

r∗ =
1

ζA∗
− (1 + ζ) εmax

θ − 1 + ζ εmax

(
1

ζA∗
− ρ

)
.

The asymptotic rate of growth in aggregate consumption is given by

g∗ =
1/ζA∗ − ρ

θ − 1 + ζ εmax
,

and the asymptotic share of employment in production by

L∗

H
=

ρζ A∗εmax + θ + (1 + ζ) εmax − 1
θ − 1 + ζ εmax

.

Proof. See Appendix A.

The proposition characterizes the long-run rates of technical growth across differ-
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ent sectors. Equation (42) suggests that, asymptotically, relative rates of technical
growth are linear in the income elasticity parameters. This result allows us to ex-
plain the empirical patterns uncovered in Section 2. Let us assume that our proxy
for innovation outputs, i.e., the number of patents, is a linear function of the num-
ber of new varieties, that is, Patentsi (t) = k1,i · Ṅi (t), and that the R&D expendi-
ture is a linear function of the wages paid to R&D workers in the model, that is,
RDXi (t) = k2,i · Zi (t) , for two sector-level constants. Asymptotically, along a CGP
we have that ṅi (t) = Ṅi (t) /Ni (t)→ γig∗, which implies

PatentGrowthi (t) =
N̈i (t)
Ṅi (t)

→ γig∗ = ζg∗ ($εi + (1− $) εmax) .

Moreover, from Equation (14), we find

RDXGrowth (t) =
Żi (t)
Zi (t)

=
Ṅi (t)
Ni (t)

− Ṡi (t)
Si (t)

+
n̈i (t)
ṅi (t)

,

→
(

γi − γS
i

)
g∗ = ζ$ (1− δ) g∗ (εi − εmax) .

The two results above provides theoretical explanations for the correlations between
the growth rates of our innovation proxies and our measures of income elasticity.

4. Conclusion

In this paper, we construct the first theory that endogenously determines the direction
of innovation across sectors that produce goods with robustly heterogenous income
elasticities. Our theory provides a framework to study the general equilibrium inter-
actions between demand-pull and technology-push forces in determining the equi-
librium rates of innovation and productivity growth across industries. We provide
simple and intuitive characterizations for the evolution of R&D intensity across sec-
tors. In the model, the asymptotic rates of innovation and productivity growth are
pinned down by the income elasticities of sectoral outputs. We show that the rates of
growth of R&D expenditure and patents in the US show sizable correlations with the
income elasticities of their outputs, estimated using micro-level household consump-
tion surveys.
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A. Proofs

Proposition. Proposition 1.

Proof. The derivations for the intratemporal allocation as given by Equation (3) with
the price index as defined by Equation (4) are straightforward (see Comin et al., 2015).
We only present the proof on the intertemporal component of the solution.

For a given path of real interest rate [r (t)]∞t=0 and sectoral good prices [P (t)]∞t=0, the
current-value Hamiltonian for the consumer problem (1) may be written as

Ĥ ≡ C (t)1−θ − 1
1− θ

+ λ (t) [1 + r (t) A (t)− E (C (t) ;P (t))] ,

where we have defined the expenditure function E ≡ P (C (t) ;P (t))× C (t), where
the price-index function is defined by Equation (4). Let us start with the necessary
conditions. The FOCs for the Hamiltonian are as follows:

∂Ĥ
∂C

= 0 ⇒ C−θ − λ
∂E
∂C

= 0, (44)

∂Ĥ
∂A

= ρλ− λ̇ ⇒ − λ̇

λ
= r− ρ. (45)

In addition, we impose that the solution satisfy the transversality condition:

lim
t→∞

e−ρtλ (t) A (t) = 0. (46)

Equations (44) and (45) together with the law of evolution of assets (5) and the transver-
sality equation (6) characterize paths of per capita real aggregate consumption and
asset holdings [C (·) , A (·)], and costate λ (·) that satisfy necessary conditions for op-
timality.

Next, we show the conditions that ensure the solution above indeed corresponds to
the unique solution to the household utility maximization problem. A standard argu-
ment (using (45) and the No-Ponzi constraint) shows that for all feasible pairs [C (·) , A (·)],
we have that limt→∞ exp (−ρt) λ (t) A (t) ≥ 0.13 Therefore, we can establish that the
pair characterized by Equations (44), (45), and (46) indeed correspond to the optimum
if the Hamiltonian is concave in C. Furthermore, since the Hamiltonian is separable in
(C, A) and linear A, strict concavity in C implies the uniqueness of the optimum for
the household problem.

Combining Equations (44), (45), and (46) with the definition of the expenditure func-
tion E = P C and the price index (4) gives the Euler equation (7) and the transversality

13For a discussion of necessary and sufficient conditions for the optimality of a solution to similar
continuous-time dynamic programming problems, see Acemoglu (2009).
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condition (8). It remains for us to find conditions that ensure the strict concavity of E
in C to ensure the sufficiency of the conditions above and uniqueness of the solution.

The second order condition for C is

o > −θ C−(θ+1) − λ
∂2E
∂C2 ,

= −C−(θ+1) (θ + ηEC

)
,

where ηEC ≡
C ∂2E

∂C2
∂E
∂C

denotes the elasticity of marginal expenditure with respect to real

consumption C. In the equality above, we have substituted for λ =
(
Cθ∂E/∂C

)−1

from Equation (44). The second order condition therefore implies that a sufficient
condition for the strict concavity of the Hamiltonian to be ηEC > −θ.

Using Equation (4), we can compute the elasticity to find

ηEC = ε (t)
[

1 + (1− σ)Var
(

εi

ε (t)
, t
)]
− 1.

It then follows that conditions σ ∈ (0, 1] and εi > 1− θ for all i are sufficient to ensure
the strict concavity of the Hamiltonian in C.

Lemma. See Lemma 1.

Proof. We can substitute for the rate of growth of R&D productivity in sector i as

ṡi (t) = δ · ṅi (t) + (1− δ) · ṡ (t) .

Substituting this expression in Equation (28), the rate of growth of productivity in
sector i should satisfy

ṅi (t) =
1
δ

(
− [r (t) + (1− δ) ṡ (t)] +

1
ζ A (t)

L (t)
H

Ωi (t)
Λi (t)

)
. (47)

Once again, using the free entry condition, we can write the rate of sectoral productiv-
ity growth as

ṅi (t) =
Ṅi (t)
Ni (t)

=
Zi (t)

Ni (t)Vi (t)
=

1
A (t)

Zi (t)
H

1
Λi (t)

, (48)

where we have combined Equations (12) and (22). Using this result, multiplying both
sides of Equation (47) by A (t)Λi (t) and summing over i we can find the expression
inside the brackets in Equation (47) to be given by

A (t) · [r (t) + (1− δ) · ṡ (t)] = −δ
Z (t)

H
+

1
ζ

L (t)
H

. (49)
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Substituting this expression back in Equation (47) and using Equation (48) we find
that, if Zi (t) > 0 for all i, the allocations of R&D employment and the rates of sectoral
growth are given by Equations (30) and (31).

To find the expression for the interest rate r (t), we first compute the rate of growth
of the general-purpose stock of knowledge,

ṡ =
∑i ϑ

1−ς
i Nς

i ṅi

∑i ϑ
1−ς
i Nς

i

,

=
1
A

Z
H

+
1
δζ

L
H

[
∑

i
ϑ

1−ς
i ηi

(
Ni

S

)ς+δ−1

Ωi −
1
A

]
,

where in the second expression, we have substituted from Equation (31) and have
used the fact that Λi ≡ ηi

A (Ni/S)1−δ and Sς ≡ ∑i ϑiN
ς
i . Substituting this expression in

Equation (49), we find the expression for the interest rate to be given by Equation (32).
Finally, we can rewrite the rates

ṅi (t) =
1
δ

[
−r (t)− (1− δ) ṡ (t) +

1
1 + ζ

Pi (t)Yi (t)
Zi (t)

ṅi (t)
]

of technical growth as

ṅi (t) =
r (t) + (1− δ) ṡ (t)

1
1+ζ

Pi(t)Yi(t)
Zi(t)

− δ
,

suggesting a one-to-one relationship between sectoral R&D intensity ( Zi
PiYi

) and the
sectoral rate of technological growth. Note that this expression suggests the following
constraint on the R&D intensity of sectors, satisfied everywhere along an equilibrium
path

Zi (t)
Pi (t)Yi (t)

<
1

δ (1 + ζ)
.

Lemma. See Lemma 2.

Proof. Along a CGP as characterized by Definition (3.6), the growth in the relative
shares of sectors i and j can be found from Equation (3) to be

lim
t→∞

ω̇i (t)− ω̇j (t) ≡ (1− σ) g∗
[(

εi − εj
)
−

γi − γj

ζ

]
,

which is a constant. Therefore, relative shares asymptotically evolve in a monotonic
fashion; their time derivatives maintaining their signs. Since shares are nonnegative
numbers that sum to one, they belong to a compact set and therefore have to converge
to constant shares

{
Ω∗i
}I

i=1.
Under the asymptotic distribution

{
Ω∗i
}I

i=1, we can define γ∗ and ε∗ to be average
expenditure-weighted technical growth rates and income elasticity parameters across
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sectors. From Equation (9), we find that the growth rate of consumption expenditure
is given by

lim
t→∞

ė (t) =
(

ε∗ − 1
ζ

γ∗
)

g∗,

which, again, suggests that E (t) either asymptotically grows or falls at a constant rate.
From the market clearing we know that E (t) = 1+ζ

ζ
L(t)
H ≤ 1+ζ

ζ and therefore E (t)
also belongs to a closed and bounded set. Therefore, limt→∞ E (t) = E∗ > 0, where
the strict positivity follows from the transversality condition (8). This implies that the
production employment also converges to a constant L∗ > 0. Furthermore, the growth
of E (t) has to asymptotically be zero, that is,

ζ =
γ∗

ε∗
. (50)

Since all shares are converge to constants, we have that

lim
t→∞

ω̇i (t) = (1− σ) g∗
(
(εi − ε∗)− γi − γ∗

ζ

)
,

= (1− σ) g∗
(

εi −
γi

ζ

)
≤ 0,

where we have used Equation (50) in the second equality . This suggests that ζεi ≤ γi

and therefore ζ ≤ γi/εi for all i, implying the result

ζ = min
i

{
γi

εi

}
.

Finally, Equations (37) and (38) follow from the relations above and Equations (3) and
(4).

Lemma. See Lemma 3.

Proof. First, from ṅi (t) = Si (t) Zi (t) /Ni (t) −→ γig∗ and from the previous lemma,
we know that γi ≥ ζεi > 0. We then asymptotically find

γS
i − γi + lim

t→∞
żi (t) = 0.

Since the R&D employment Zi is bounded by Z∗, its rate of growth above cannot be
positive. Therefore, we have that Zi (t)’s converge to constants and we have

γS
i ≥ γi, (51)

for all i. For a sector i ∈ I† for which the asymptotic share of R&D employment is not
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zero, we have γS
i = γi and its size of R&D employment is given by

Z∗i = γig∗ × lim
t→∞

(
Ni (t)
Si (t)

)

Proof. We can directly employ the free entry condition to study the properties of the
CGP. First, notice that

lim
t′→∞

Πi (t′ + t)
Πi (t′)

= lim
t′→∞

(
Ni (t′)

Ni (t′ + t)

)(
Ωi (t′ + t)

Ωi (t′)

)
Y (t′ + t)

Y (t′)
,

= exp


 −γi︸︷︷︸

technology

+ (1− σ)

(
εi −

γi

ζ

)
︸ ︷︷ ︸

market size

 g∗t

 ,

= e−
[(

1+ 1−σ
ζ

)
γi−(1−σ)εi

]
g∗t, (52)

where in the second line, we have used the fact that limt→∞ Y (t) = HE∗ and have
substituted for the asymptotic rate of growth of sectoral output shares from Equation
(36). Note that since Ωi (t) is a share variable, we have that lim ω̇i ≤ 0 with equality
being satisfied at least by one sector. Now, we find the asymptotic value of owning a
firm in sector i to be

lim
t→∞

Vi (t)
Πi (t)

=

(
lim
t→∞

∫ ∞

0
e
−
(

1
t′
∫ t′

0 r(t+t′)
)

t′
(

Πi (t + t′)
Πi (t)

)
dt′,

)

=
∫ ∞

0
e−
[
r∗+g∗

(
γi−(1−σ)

(
εi−

γi
ζ

))]
t′dt′,

=
1

r∗ + g∗
(

γi − (1− σ)
(

εi − γi
ζ

)) ,

where in the first equality we have used the definition of Vi (t) from Equation (20), and
in the second equality, we have used Equation (52) and the fact that the Euler equation
and Lemma 2 imply asymptotically constant the real interest rate r∗.

Now, we can use the free entry condition, either in its direct form (22), or through
Equation (21) to find

r∗ = lim
t→∞
−ṡi (t) +

Πi (t)
Vi (t)

,

= −γS
i + r∗ + g∗

(
γi − (1− σ)

(
εi −

γi

ζ

))
, (53)

which implies Equation (40).
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Proposition. See Proposition 3.

Proof. First, it is easy to see that γmax = ζεmax. Note that from the definition (1) and
for S (t) defined for ς > 0, we have lim ṡ = γmax and we find

γS
i − γi = δγi + (1− δ) γmax − γi = (1− δ) (γmax − γi) .

This means that for i ∈ I†, we need to have γi = γmax = ζεi. Now, consider the
sector j with εj = εmax and, to find a contradiction, assume that j /∈ I†. This implies
that j /∈ I∗ and therefore γj > ζεmax. This is a contradiction, because it implies that
γj > γmax. Therefore, we find

I∗ = I† = {i | εi = εmax} .

From Equation (40), we then have

(1− δ) (ζεmax − γi) = (1− σ)

(
γi

ζ
− εi

)
,

implying

γi =

(
1− δ +

1− σ

ζ

)−1

[(1− δ) ζεmax + (1− σ) εi] ,

= ζ

[
1− σ

ζ (1− δ) + 1− σ
εi +

ζ (1− δ)

ζ (1− δ) + 1− σ
εmax

]
.

The remainder of the proof follows as a special case of the proof of the Proposition
3 in Section B.

B. Generalized Spillover Function

In this section, we examine the properties of our model for a more general class of
spillover functions.

Definition 2. Consider spillover functions S defined according to

Si (N ) ≡ 1
ηi

[
δ

1−ψi
i Nψi

i + (1− δi)
1−ψi S̃i (N )ψi

] 1
ψi , (54)

S̃i (N ) ≡
(

∑
j

ϑ
1−ςi
ij Nςi

j

) 1
ςi

, (55)

for all i, where δ ∈ (0, 1) , ϑij > 0 for all i, j ∈ {1, · · · , I}, and ∑j ϑij = 1 for all i. We
rule out the set of model parameters that for any sector i satisfy ψi ≤ 0 and ςi ≤ 0.
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According to Equations (54) and (55), innovation spillovers to each sector have two
components: the spillovers from the same sector, the δ

1−ψi
i Nψi

i term, and the spillovers
from all other sectors, the term involving S̃i. The degree of substitutability between the
two types of spillovers is determined by ψi. If ψi > 0, Ni and S̃i are gross substitutes
and function Si is log-submodular in the two arguments. If ψi < 0, Ni and S̃i are gross
complements and function Si is log-supermodular in the two arguments. Similarly,
parameter ςi for sector i determines the degree of substitutability among technologies
of different sectors in their innovation spillovers to sector i. We will see below that the
two parameters (ψi, ςi) play an important role in the characterization of the asymptotic
rate of technical growth for sector i. The case of ψi → 0, when δi ≡ δ, ςi ≡ ς, and
ϑij ≡ ϑj for all iand j corresponds to the case of Definition 1, with the stock of general-
purpose technologies S defined correspondingly. We rule out the case where both Nt

and S̃i are gross substitutes and S̃i is log-submodular in its arguments, since we show
below that this case does not allow for the existence of a CGP.

The following proposition characterizes the long-run behavior of the economy for
this class of spillover functions.

Proposition 3. Consider an economy with the intersectoral innovation spillover function in-
troduced in Example 2 and a set of income elasticity parameters that consists of a set of distinct
values, that is, εi 6= εi′ for any pair of i 6= i′.

Consider then a potential CGP as one characterized by a set of parameters

(
I∗ ⊂ I , {Ω∗i , Λ∗i }i∈I∗ , g∗, L∗,γ,N ∗

)
.

First, the set of sectors that asymptotically constitute a nonvanishing share of economic activity
I∗ consists of

(1) Any sector i with ςi > 0 and ψi < 0, or ςi < 0 and ψi > 0,
(2) Any sector i with ςi > 0 and ψi ≥ 0 if εi ≥ εi′ for all i′.
For all of these sectors, the rate of technological growth is asymptotically given by γi =

ζεi. Any other sector has a vanishing share of employment in production and output, and a
vanishing share in total assets. The asymptotic rate of technological growth for such a sector i
is given by

γi = ζ ($iεi + (1− $i) εmax) , $i ≡

 1−σ
ζ+1−σ , ψi > 0,

1−σ
ζ(1−δi)+1−σ

, ψi → 0.

Denote by 〈εi〉∗ and Var 〈εi〉∗ the average and the variance of income elasticity parameters
under the sectoral distribution implied by the asymptotic sectoral shares of corporate assets{

Λ∗i
}

i∈I∗ .
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If the discount rate ρ satisfies

1
ζA∗

(
1− θ + 〈εi〉∗ − 1 + (ζ + 1) 〈εi〉∗

1 + (ζ + 1) 〈εi〉∗
)
< ρ <

1
ζ A∗

, (56)

the CGP exists and is unique. In this CGP, the asymptotic real interest rate r∗ and the con-
sumption expenditure weighted income elasticity parameters ε∗ will be found by the unique
solution to the system of equations

ε∗ = 〈εi〉∗ +
Var 〈εi〉∗

r∗ + ζ 〈εi〉∗
,

r∗ =
1

ζA∗
− (1 + ζ) 〈εi〉∗

ε∗ + θ − 1 + (1 + ζ) 〈εi〉∗
(

1
ζ A∗
− ρ

)
.

The asymptotic rate of growth in aggregate consumption is given by

g∗ =
1/ζA∗ − ρ

θ + ε∗ − 1 + (ζ + 1) 〈εi〉∗
,

and the asymptotic share of employment in production by

L∗

H
=

ρζ A∗ 〈εi〉∗ + θ + ε∗ − 1 + ζ 〈εi〉∗

θ + ε∗ − 1 + (ζ + 1) 〈εi〉∗
.

Finally,
(
Ωi, N∗i

)
i∈I∗ are given by Equations (25) and (26) and

Ω∗i =
ζ

L∗
(r∗ + ζg∗εi)Λ∗i , for all i ∈ I∗.

Proof. Let γmin and γmax denote the minimum and the maximum in the set of all
relative rates of technical growth {γi}I

i=1, respectively, and sets Imin and Imax to in-
clude the sectors that achieve the correspondingly values. Let us further define γS

i ≡
limt→∞

ṡi(t)
g∗ = ∑j Σ∗ijγi. We can now rewrite Equation (53) as

(
1 +

1− σ

ζ

)
γi − γS

i = (1− σ) εi, for all i.

From Equation (39) we know that γi ≤ γS
i and therefore γi ≥ ζεi.

Now, we will group sectors based on the degree of substitutability parameters (ψi, ςi)

in their respective intersectoral innovation spillover functions.

1. Sectors with ψi, ςi < 0: In this case, Si asymptotically grows at the rate dictated
by the slowest (technologically) growing sectors Imin. Therefore, for all such
sectors we have γS

i = γmin. However, in order to satisfy condition (39), we need
to ensure that γi = ζεi = γmin. But since γi ≥ ζεi for all i, this could be the case
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only if εi = εmin. We can further compute the asymptotic corporate assets held
in sector i as

Λ∗i = lim
t→∞

Ni (t)
Si (t)

,

= lim
t→∞

ηi

δ
1−ψi
i + (1− δi)

1−ψi

(
∑
j 6=i

ϑ
1−ςi
ij

(
Nj (t)
Ni (t)

)ςi
) ψi

ςi


− 1

ψi

,

= ηi

δ
1−ψi
i + (1− δi)

1−ψi

 ∑
j 6=i: εj=εmin

ϑ
1−ςi
ij

(
N∗j
N∗i

)ςi


ψi
ςi


− 1

ψi

.

2. Sectors with ψi < 0 and ςi > 0: In this case Si asymptotically grows at a rate dic-
tated by the minimum of the rate of growths of Ni and S̃i. The spillover term S̃i

in turn asymptotically grows at the rate dictated by the fastest (technologically)
growing sectors γmax (note that condition stated in the proposition rules out the
case where all sectors other than i technologically grow at strictly lower rates).
Therefore, we always have that γS

i = γi = ζεi.

Λ∗i = lim
t→∞

Ni (t)
Si (t)

,

= ηi

δ
1−ψi
i + (1− δi)

1−ψi I {εi = εmax}

 ∑
j 6=i: εj=εi

ϑ
1−ςi
ij

(
N∗j
N∗i

)ςi


ψi
ςi


− 1

ψi

,

where I {εi = εmax} = 1 only if εi = εmax.

3. Sectors with ψi > 0 and ςi < 0: In this case Si asymptotically grows at a rate
dictated by the maximum of the rates of growth of Ni and S̃i. However, the
rate of growth of S̃i is now determined by the slowest (technologically) growing
sector other than i. Therefore, once again we will have γS

i = γi = ζεi, unless if
εi′ > εi for all i′ 6= i. We will have

Λ∗i = lim
t→∞

Ni (t)
Si (t)

,

= ηi

δ
1−ψi
i + (1− δi)

1−ψi I {εi = εmin}

 ∑
j 6=i: εj=εi

ϑ
1−ςi
ij

(
N∗j
N∗i

)ςi


ψi
ςi


− 1

ψi

.
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If if εi′ > εi for all i′ 6= i, then we have that γS
i = γ−i

min ≡ min {γi′}i′∈I\{i}.

γi = ζεi

(
1 +

ζ

ζ + 1− σ

(
γ−i

min
ζεi
− 1

))
> ζεi,

since ζεi = γi = γmin < γ−i
min.

4. Sectors with ψi > 0 and ςi > 0: In this case Si asymptotically grows at the rate
determined by the fastest (technologically) growing sectors Imax, and we have
γS

i = γmax for all i. This first suggests that γmax = ζεmax where εmax is the sector
with the largest income elasticity. For this sector

Λ∗i = lim
t→∞

Ni (t)
Si (t)

,

= ηi

δ
1−ψi
i + (1− δi)

1−ψi I {εi = εmax}

 ∑
j 6=i: εj=εi

ϑ
1−ςi
ij

(
N∗j
N∗i

)ςi


ψi
ςi


− 1

ψi

.

For all other sectors follows from Equation (53) that

γi = ζεi

(
1 +

ζ

ζ + 1− σ

(
εmax

εi
− 1
))

.

5. Sectors with ψi → 0: In this case

Si =
1
ηi

Nδi
i S̃1−δi

i ,

and ṡi = δiṅi + (1− δi) ˙̃si. If ςi < 0, again, we can only have γi = ζεi with
εi = εmin. If ςi > 0, we have

γi = ζεi

(
1 +

ζ (1− δi)

ζ (1− δi) + 1− σ

(
εmax

εi
− 1
))

.

In this case, if εi is the unique maximum in the set {εi}i∈I , we do not have a CGP.

Note that in cases 1-3 and the case 4 when εi = εmax, we have that γS
i = γi and

therefore i ∈ I† as defined by Lemma 3. Only sectors with γi > ζεi, that is, sectors
with ψi ≥ 0 and ςi ≥ 0 are not in I† and therefore asymptotically vanish.

From the Euler Equation (7), we find that asymptotically

g∗ =
r∗ − ρ

θ − 1 + ε∗
[
1 + (1− σ)Var∗

( εi
ε∗
)]
− 1

ζ γ∗
[
1 + (1− σ)Cov∗

(
εi
ε∗ ,

γi
γ∗

)] .
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Let us first compute θ∗ defined such that r∗ = g∗θ∗ + ρ, that is

θ∗ ≡ θ − 1 + ε∗
[
1 + (1− σ)Var∗

( εi

ε∗

)]
− 1

ζ
γ∗
[

1 + (1− σ)Cov∗
(

εi

ε∗
,

γi

γ∗

)]
.

For all sectors i that are included in the moments that appear in θ∗, we have γi = ζεi.
Therefore, the covariance term is Cov∗

( εi
ε∗ ,

εi
ε∗
)
= Var( εi

ε∗ )− 1.

θ∗ = θ + ε∗ − 1 +
(

ε∗ − 1
ζ

γ∗
) [

1 + (1− σ)Var∗
( εi

ε∗

)]
,

= θ + ε∗ − 1,

where in the second equality we have used Equation (35).
We will now pin down the rate of growth of aggregate real consumption g∗. Substi-

tuting from γi = ζεi for i ∈ I∗ in Equation (41) we find:

1
ζ
(H − L∗) = g∗A∗ ∑

i∈I∗
εiΛ∗i . (57)

Then, taking the asymptotic limit of Equation (28), we find

(
r∗ + γS

i g∗
)

Λ∗i = Ω∗i
L∗

ζA∗
. (58)

Summing over i ∈ I∗ for which γS
i = γi = ζεi and substituting for r∗ = θ∗g∗ + ρ, we

reach

ρ

(
∑

i∈I∗
Λ∗i

)
+ g∗

[
θ∗
(

∑
i∈I∗

Λ∗i

)
+ ζ

(
∑

i∈I∗
εiΛ∗i

)]
=

L∗

ζ A∗
.

Summing this expression from Equation (57), we find

H
ζA∗

= ρ

(
∑

i∈I∗
Λ∗i

)
+ g∗

[
θ∗
(

∑
i∈I∗

Λ∗i

)
+ (ζ + 1)

(
∑

i∈I∗
εiΛ∗i

)]
,

which pins down the economy-wide rate of growth as

g∗ =
1/ζA∗ − ρ

θ∗ + (ζ + 1) 〈εi〉∗
,

where A∗ ≡ 1
H ∑i∈I∗ Λ∗i is the asymptotic value of assets owned by the households

and 〈εi〉∗ ≡ ∑i∈I∗ εiΛ∗i
∑i∈I∗ Λ∗i

is the average of income elasticity parameters as weighted by the
sector’s asymptotic shares of corporate assets. Similarly, we can derive the expression
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for the asymptotic share of employment in the production sector

L∗

H
=

ρζ A∗ + θ∗/ 〈εi〉∗ + ζ

θ∗/ 〈εi〉∗ + 1 + ζ
.

Finally, for the real interest rate we find

r∗ = ρ +
θ∗/ 〈εi〉∗

θ∗/ 〈εi〉∗ + 1 + ζ

(
1

ζ A∗
− ρ

)
,

=

(
θ∗/ 〈εi〉∗

θ∗/ 〈εi〉∗ + 1 + ζ

)
1

ζA∗
+

(
1 + ζ

θ∗/ 〈εi〉∗ + 1 + ζ

)
ρ.

The positivity of g∗ and the transversality condition g∗ < r∗ together imply the fol-
lowing constraints on the discount rate ρ

1
ζA∗

(
1− θ∗ + (ζ + 1) 〈εi〉∗

1 + (ζ + 1) 〈εi〉∗
)
< ρ <

1
ζ A∗

.

Since, as we see below ε∗ ≥ 〈ε〉∗, Equation (43) is stronger than the condition above as
a restriction on ρ. Therefore, if condition (43) is satisfied the CGP is unique.

Let us now calculate ε∗. Substituting from Equation (58) for Ω∗i we find

ε∗ =
∑i∈I∗ (r∗ + ζεi)Λ∗i εi

∑i∈I∗ (ρ + θ∗g∗ + ζεi)Λ∗i
,

=
r∗
(
∑i∈I∗ Λ∗i εi

)
+ ζ

(
∑i∈I∗ Λ∗i ε2

i
)

r∗
(
∑i∈I∗ Λ∗i

)
+ ζ

(
∑i∈I∗ Λ∗i εi

) ,

= 〈εi〉∗
r∗ + ζ

〈ε2
i 〉
∗

〈εi〉∗

r∗ + ζ 〈εi〉∗
,

= 〈εi〉∗
1 +

Var〈εi〉∗
〈εi〉∗

r∗ + ζ 〈εi〉∗

 ,

where we have defined the variance of the income elasticity parameters under the dis-

tribution implied by sectoral shares in corporate assets Var 〈εi〉∗ ≡
∑i∈I∗(εi−〈εi〉∗)

2
Λ∗i

∑i∈I∗ Λ∗i
.

Combining these equations and letting ε ≡ ε∗

〈εi〉∗
− 1 we find a system of two equa-

tions

ε =
Var 〈εi〉∗ / 〈εi〉∗

r∗ + ζ 〈εi〉∗
,

r∗ =
1

ζ A∗
− 1 + ζ

ε + θ+〈εi〉∗−1
〈εi〉∗

+ 1 + ζ

(
1

ζA∗
− ρ

)
,

that together determine (ε, r∗). If condition (43) is satisfied, this system of equations
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has a unique solution. The quadratic equation always has a solution. The first equation
defines r∗ as a decreasing function of ε that goes from ∞ to 0 as ε goes from 0 to the
maximum of Var 〈εi〉∗ /ζ

(
〈εi〉∗

)2. The second equation defines r∗ as an increasing
function of ε that goes from a 1

ζ A∗ −
1+ζ

θ+〈εi〉∗−1

〈εi〉∗
+1+ζ

(
1

ζ A∗ − ρ
)

to 1
ζ A∗ as ε goes from 0 to

∞.14 This completes the characterization of the CGP.

C. Schumpeterian Model

Consider the following production function for the final good producers in each sector
to replace the production function in Equation (10)

Yi =

(∫ 1

0
Q

1
ζ+1
iv X

ζ
ζ+1
iv dv

) ζ+1
ζ

,

where each sector has a unit interval of varieties v, each with a variety-specific quality
Qiv. The demand for the intermediate good v in sector i is given by

Xiv = Qiv

(
Pi

Piv

)1+ζ

Yi,

which again suggests Piv = 1 for all varieties in all sectors at all times. The resulting

price index for goods in sector i is given by Pi = Q
− 1

ζ

i , where we have defined Qi

as the average quality of products in sector i, that is, Qi ≡
∫ 1

0 Qivdv. Note that this
parallels the result in the expanding varieties model where Qi, average sectoral quality,
has replaced the number of intermediate goods Ni. Similarly, the profits for a given
producer is given by

Πiv =
1
ζ

Xiv =
1
ζ

Qiv

Qi
Ωi Y,

which again parallels Equation (11).
Potential entrants invest in raising the quality of the available intermediate goods

through investing in R&D, which targets a specific variety. When a potential entrant
hires Ziv R&D workers to improve on the quality of variety v in sector i with current
quality Qiv, it succeeds at a flow rate

Si (Q)

ηi

Ziv

Qiv
,

in which case the quality of the variety improves to QivΓi and the entrant takes over

the current monopolist. We assume that Γi ≥
(

ζ+1
ζ

)ζ
so that the monopolistic pricing

14Simple algebra shows that this system indeed can be reduced to a quadratic equation.
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of the current incumbent does not allow the previous incumbent to enter the market.
The Bellman equation for the net present value of the monopoly rights on variety v in
sector i is given by rViv − V̇iv = Πiv − Si

ηi

Ziv
Qiv

Viv. Due to constant returns to scale, the
value function will be linear in quality, that is Viv = ViQiv for some Vi. Similary, the
rate of creative destruction is going to be the same for all intermediate goods within a
sector. Define Zi ≡ Qi

Ziv
Qiv

such that this rate for sector i is Zi
Qi

and the total number of

R&D workers in sector i
∫ 1

0 Zi
Qiv
Qi

dv = Zi. Since Qiv is a jump process, its derivative is

zero and we have
(

r + Si
ηi

Zi
Qi

)
Vi − V̇i =

1
ζ

ΩiY
Qi

where Ziv is the number of R&D workers
hired for any intermediate variety in sector i. The free entry condition is now given by

1 ≥ Si

ηi/Γi
Vi.

The rate of growth of quality in sector i is q̇i =
Γi−1

ηi

Si
Qi

Zi. 15 Therefore, we can rewrite
the free entry condition as

q̇i =

(
1− 1

Γi

)
Zi

QiVi
.

In Equation (23), we instead have H · A = ∑i
∫

Vivdv = ∑i QiVi.

15To see this, note that

Qi (t + dt) =

(∫ 1

0
(Γi − 1) Qiv ×

Si
ηi

Zi
Qi

dv
)

dt,

=
Γi − 1

ηi
SiZidt,

where in the second line we have used the fact that R&D employment is the same for all varieties
within the same sector.
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