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Wklv sdshu ghyhorsv d prgho wr h{sodlq wkh vxsso| ri dssuhqwlfh0
vklsv e| �upv wkurxjk hqgrjhqlvlqj prqrsvrq| fuhdwlqj fkdudfwhulv0
wlfv ri srvw wudlqlqj oderxu pdunhwv wr wudlqlqj surjudpv1 Lw dssolhv
wkh irupxodwlrq ri wudlqlqj h�hfwv lqwurgxfhg e| VWHYHQV +4<<7/
4<<9,1 Derolvklqj wkh � fodvvlfdo glfkrwrp| � ri jhqhudo yhuvxv vsh0
fl�f wudlqlqj lq idyrxu ri lpsohphqwlqj ydoxh yhfwruv zlwk ydu|lqj
wudqvihudelolw|/ wkh prgho lv deoh wr vkrz zklfk fkdudfwhulvwlfv ri wudlq0
lqj surjudpv pdnh �upv dfwxdoo| sd| iru qrq0�up0vshfl�f sduwv ri
dssuhqwlfhvkls wudlqlqj1 Xvlqj d pxowlvwdjh vhtxhqwldo Ed|hvldq edu0
jdlqlqj prgho lw lv deoh wr fdswxuh dqg dqdo|vh wkh wzr pdlq uhdvrqv
iru �up0vsrqvruhg wudlqlqj= Qhjdwlyh qhw frvwv gxulqj wudlqlqj dqg d
srvlwlyh h{shfwhg vkduh ri wkh lqfuhdvhg pdujlqdo surgxfw diwhu wudlq0
lqj1

�Xqlyhuvlwì gh Sdulv L dqg FUHVW
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4 Zk| Gr Ilupv Sd| Iru WudlqlqjB
Wkhuh duh wzr uhdvrqv zk| hfrqrplvwv vwxg| dssuhqwlfhvkls v|vwhpv= \rxwk
xqhpsor|phqw dqg wudlqlqj1 \rxwk xqhpsor|phqw lv vhhq zlgho| dv rqh
ri wkh prvw vhyhuh irupv ri idloxuh lq wkh oderxu pdunhw1 Vhyhudo sdshuv
lqglfdwh wkdw ehlqj xqhpsor|hg dw dq hduo| vwdjh ri rqh*v oderxu pdunhw
h{shulhqfh kdv vwurqj qhjdwlyh h�hfwv rq wkh delolw| wr �qg d vwdeoh zrunlqj
uhodwlrqvkls lq vxevhtxhqw |hduv41 Hduo| xqhpsor|phqw yhu| riwhq lv fdxvhg
e| d glvfrqwlqxdqfh lq kxpdq fdslwdo irupdwlrq ru e| vhqglqj fruuhvsrqglqj
vljqdov wr ixwxuh hpsor|huv/ ohdglqj wr d qrq0vprrwk wudqvlwlrq iurp wr zrun1
Wklv lqwhufrqqhfwlrq ehwzhhq vxffhvixo frpsohwlrq ri lqwldo srvw0vhfrqgdu|
surihvvlrqdo wudlqlqj dqg hduo| oderxu pdunhw h{shulhqfh vzlwfkhv wkh irfxv
rq \rxwk Wudlqlqj Vfkhphv +\WV, dv zhoo dv rq |rxwk xqhpsor|phqw udwhv/
e| zklfk lqglfdwru wkh h!flhqf| ri \WV zloo kdyh wr eh phdvxuhg1

\WV jhqhudoo| frqvlvw ri wzr hohphqwv= Ixoo Wlph Yrfdwlrqdo Hgxfdwlrq
+IWYH, dqg Dssuhqwlfhvkls Wudlqlqj +DW,1 Dq Dssuhqwlfhvkls lv d wlph olp0
lwhg wudlqlqj frqwudfw r�huhg wr lqlwldoo| xqwudlqhg vhfrqgdu| vfkrro judgx0
dwhv1 Lwv fkdudfwhulvwlfv duh sduw wlph vfkrrolqj dqg yrfdwlrqdo wudlqlqj lq wkh
vdph surjudp1 Wkh iruphu surylghv dssuhqwlfhv zlwk wkhruhwlfdo lqirupdwlrq
derxw wkhlu surihvvlrq dv zhoo dv dgydqfhg jhqhudo *fxowxuh vnloov*1 Zkloh ehlqj
wudlqhg rq0wkh0mre wkh| duh wdxjkw vwdqgdug whfkqrorjlhv/ zrunlqj glvflsolqh
dqg vrfldo ehkdylrxu dv zhoo dv pruh �up vshfl�f nqrzohgjh dv wkh �up*v ru0
jdqlvdwlrqdo vwuxfwxuh/ wkh vshfl�wlhv ri wkh zrunlqj sodfh dqg qrq0vwdqgdug
whfkqrorjlhv xvhg e| wkh �up1 Wkh wlph udwlr ehwzhhq vfkrrolqj dqg zrun
lv xvxdoo| derxw 4=71 Rq frpsohwlrq ri wkh dssuhqwlfhvkls wudlqlqj wkh ds0
suhqwlfh lv dzdughg d qdwlrqzlgh dffhswhg fhuwl�fdwh zklfk dfnqrzohgjhv wkh
surihvvlrq0vshfl�f vnloov ri wklv hgxfdwlrq1

IWYH lv rujdql}hg dv d sxeolf yrfdwlrqdo wudlqlqj surylvlrq dqg surylghg
lq ixoo0wlph hgxfdwlrqdo hvwdeolvkphqwv zkhuh |rxqj shrsoh duh wkdxjkw wkhr0
uhwlfdo edfnjurxqg dqg ohduq sudfwlfdo vnloov lq lq0krxvh oderudwrulhv1 Qhduo|
doo hxurshdq frxqwulhv hpsor| wkhvh wzr hohphqwv lq wkhlu |rxwk wudlqlqj
vfkhph zlwk ydu|lqj hpskdvlv1 Zkhuhdv/ h1j1/ lq Jhupdq| wkh ryhuzkhoplqj
qxpehu ri |rxwkv wdnh sduw lq DW dqg hyhq wkrvh zkr xqghujr d IWYH
diwhuzdugv dffrpsolvk dq DW/ lq Iudqfh ru Vzhghq wkh uhyhuvh lv wuxh1 Exw
iru d olplwhg qxpehu ri duhdv2uhjlrqv DW yluwxdoo| grhv qrw h{lvw dqg wkh de0
vroxwh pdmrulw| ri |rxwkv xqghujr d IWYH1 Eulwdlq wdnhv rq dq lqwhuphgldwh
srvlwlrq dfwxdoo| wu|lqj wr hvwdeolvk d v|vwhp vlplodu wr wkdw lq Jhupdq|51
Ixuwkhu gl�huhqfh frphv iurp wkh ohyho ri vfkrro dwwdlqphqwv ri wkh |rxqj

4Vhh PDUJROLV hw do1 +4<<<,/ LQNPDQQ hw do1 +4<<;d/ 4<<;e,/ IUDQ] hw do1 +4<<:,
dqg HOOZRRG +4<;5,1

5Vhh iru dq dqdo|vlv VWHHGPDQ +4<<6,1
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shrsoh hqwhulqj wkh \WV dv zhoo dv wkh vljqdov zklfk wkh frpsohwlrq ri rqh ri
lwv hohphqwv vhqg wr ixwxuh hpsor|huv lq wkh uhvshfwlyh frxqwulhv1 Frpsduhg
wr Jhupdq| wkh frpsohwlrq ri d IWYH lq Iudqfh vhqgv d pxfk ehwwhu vljqdo
wr wkh oderxu pdunhw wkdq DW/ vr ehwwhu vfkrro0ohdyhuv vhoi0vhohfw wr wklv nlqg
ri wudlqlqj1 Lq Jhupdq| DW kdv d yhu| kljk oderxu pdunhw ydoxh vr hyhq
derxw 48( ri xqlyhuvlw| judgxdwhv gr dq DW1

Zlwk dq| w|sh ri srolf|/ hfrqrplvwv kdyh wr dvn iru wkh glylvlrq ri jdlqv
dqg frvwv ri d surjudpph1 Wklv lv hvshfldoo| wkh fdvh zlwk kxpdq fdslwdo
irupdwlrq zkhuh lw lv qrw dozd|v reylrxv wr ghwhuplqh wkh ehq�fldqw ri wkh
wudlqlqj dqg h{whuqdolwlhv pd| hdvlo| dulvh1 Fodvvlfdo kxpdq fdslwdo wkhru|/ dv
lw zdv lqwurgxfhg e| EHFNHU +4<97,/ pdnhv wkh glvwlqfwlrq ehwzhhq jhqhudo
dqg �up0vshfl�f kxpdq fdslwdo6 dqg suhglfwv wkdw lq wkh fdvh ri frpsohwho|
jhqhudo wudlqlqj wkh wudlqhg zrunhu uhfhlyhv doo wkh uhwxuq iurp wklv wudlqlqj
dqg zloo wkhuhiruh ehdu wkh frvwv1 Lq fdvh ri �up0vshfl�f wudlqlqj Ehfnhu
pdnhv wkh lqirupdo vwdwhphqw wkdw/ dv wkh| zloo erwk kdyh d uhwxuq wr wkdw
wudlqlqj/ wkh wudlqlqj �up dqg wkh wudlqhg zrunhu zloo vkduh wkh frvw ghshqg0
lqj rq wkhlu uhvshfwlyh edujdlqlqj srzhu1 Wklv dujxphqw zdv odwhu irupdol}hg
e| KDVKLPRWR +4<;4,1 Kh suhglfwv wkdw zkhwkhu ru qrw wkh lqyhvwphqw lv
vkduhg ghshqgv rq wkh h{lvwhqfh ri srvw0lqyhvwphqw frvwv ri hydoxdwlqj wkh
zrunhu*v surgxfwlylwlhv lq wkh �up dqg hovhzkhuh1 Wkh uhodwlrqvkls ehwzhhq
wkh *wudqvihudelolw|* ri kxpdq fdslwdo dffxpxodwhg lq d wudlqlqj surjudpph
wr rwkhuv wkdq wkh wudlqlqj �up dqg wkh w|sh ri wkh oderxu pdunhw uhvxowlqj
iurp d fhuwdlq w|sh ri wudlqlqj zdv hpskdvl}hg e| VWHYHQV +4<<9,1 Vkh
dujxhv wkdw lq d eurdg vhqvh frpsohwho| jhqhudo wudlqlqj pd| eh vhhq dv uh0
vxowlqj lq d frpsohwho| frpshwlwlyh oderxu pdunhw/ zkhuh wkh zrunhuv zloo
eh sdlg wkhlu lqfuhdvhg pdujlqdo surgxfw1 Dqdorjrxvo|/ d frpsohwho| �up0
vshfl�f wudlqlqj zloo uhvxow lq d vwurqj prqrsvrqlvwlf srzhu ri wkh wudlqlqj
�up/ hqdeolqj lw wr rewdlq d vkduh ri wkh zrunhu*v lqfuhdvhg pdujlqdo surgxfw/
zklfk lv dorqj Kdvklprwr*v dujxphqw1 Zkloh wdnlqj wkh fodvvlfdo glvwlqfwlrq
dv h{wuhph fdvhv/ Vwhyhqv vwuhvvhv wkdw prvw revhuydeoh wudlqlqj surjudpphv
duh *lqwhuphgldwh* lq wkh vhqvh wkdw wkh| surylgh kxpdq fdslwdo zlwk ydu|0
lqj ghjuhhv ri wudqvihudelolw|1 Rwkhu uhfhqw dxwkruv glg dovr uhfrjql}h wkdw
lw pxvw eh dq lpshuihfwlrq ri wkh uhvxowlqj oderxu pdunhw wkdw pdnhv �upv
sd| iru wkh wudlqlqj ri wkhlu zrunhuv hyhq li lw lv *jhqhudo*/ dv wkh| vd|/ lq idfw
phdqlqj kljko| wudqvihudeoh1 Krzhyhu/ prvw ri wkhp prgho wkdw lpshuihfwlrq
e| dgglqj d pdunhw idloxuh h{rjhqrxv wr wudlqlqj vfkhphv zkrvh frqwhqwv duh

6Ehfnhu gh�qhv d wudlqlqj wr eh *shuihfwo| jhqhudo/* li lw lqfuhdvhv d zrunhu*v pdujlqdo
surgxfw e| h{dfwo| wkh vdph dprxqw lq pdq| �upv +Ehfnhu/ 4<97/ s1 53,/ zkhuhdv kh
ylhzv d wudlqlqj surjudp dv *frpsohwho| vshfl�f*/ li lw lqfuhdvhv d zrunhu*v surgxfwlylw|
rqo| lq wkh �up surylglqj wkh wudlqlqj exw kdv qr h�hfw rq klv surgxfwlylw| lq dq| rwkhu
�up +Ehfnhu/ 4<97/ s1 59,1

6



dvvxphg wr frqvlvw ri frpsohwho| jhqhudo ru frpsohwho| vshfl�f hohphqwv71 Lw
lv Vwhyhqv* phulw wr kdyh h{solflwho| irupdol}hg wkh judgxdo vshfl�w| ri wudlq0
lqj surjdpphv/ wkxv hpskdvl}lqj wkh hqgrjhqhlw| ri wkh pdunhw idloxuh wr
wkh w|sh ri wudlqlqj surjudpph fkrvhq= Vshfl�w| ri wudlqlqj frqwhqwv dozd|v
uhvxow iurp wkh lqdelolw| wr wudqvihu nqrzohjgh ixoo| iru xvh zlwk rwkhu �upv
wkdq wkh wudlqlqj rqh1 Lq wkh rshq oderxu pdunhw wkh wudlqhg zrunhu zloo jhw
sdlg rqo| iru wkh sduw ri klv vnloov zklfk kh fdq wudqvihu wr rwkhu �upv1

Zlwk wklv lq plqg rqh pd| qrz surfhhg wr dqdo|vh wkh glvwulexwlrq ri
frvwv dqg jdlqv iurp wkh ydulrxv hohphqwv ri \WV1 Lw vhhpv fohdu wkdw zlwk
IWYH/ dv qr �up lv lqyroyhg/ doo wkh jdlqv iurp wudlqlqj pxvw dffuxh wr
wkh wudlqhh1 Wkh idfw wkdw IWYH/ dv vhfrqgdu| hgxfdwlrq/ lq Hxursh lv
jhqhudoo| sdlg iru e| wkh jryhuqphqw vxjjhvwv wkdw wklv w|sh ri wudlqlqj lv
vxemhfw wr vrph lpsruwdqw vruw ri pdunhw idloxuh1 Wkh fdvh lv qrw wkdw vlpsoh
zlwk dssuhqwlfhvkls wudlqlqj1 Prvw ri wkh vfkrrolqj dqg vrph sduwv ri wkh
yrfdwlrqdo wudlqlqj pd| eh uhjdughg dv yhu| jhqhudo1 Nqrzohgjh ri wkh �u0
p*v vshfl�f rujdqlvdwlrq ru qrq0vwdqgdug whfkqrorjlhv lv fohdu| �up0vshfl�f
dqg d orw ri rq0wkh0mre wudlqlqj frqwhqwv duh wudqvihudeoh1 Iroorzlqj wkhru|/
dssuhqwlfhv wkhpvhoyhv vkrxog sd| iru wkhlu jhqhudo vfkrrolqj1 Krzhyhu/ lq
Iudqfh dv zhoo dv lq Jhupdq| wkh jryhuqphqw sd|v iru lw1 Wkh uhdvrq iru
wklv lqwhuyhqwlrq pd| frph iurp pdunhw idloxuhv ohdglqj wr lqyhvwphqw lq
wudlqlqj zklfk lv vxerswlpdo lq wkh vhqvh ri jhqhudo h!flhqf|/ dv wkh sulydwh
uhwxuq lv qrw pd{lplvhg1 D �uvw lv fdxvhg e| h{whuqdolwlhv dvvrfldwhg zlwk
vxeshuihfw wudqvihudeoh wudlqlqj surjudpphv1 Ehfdxvh wkhlu vrfldo uhwxuq wr
wudlqlqj lv orzhu wkdq wkhlu sulydwh uhwxuq/ h{whuqdo �upv pd| uhfrxs vrph
h{shfwhg ydoxh ri wkh wudlqlqj81 Wkh vhfrqg vrxufh duh fuhglw frqvwudlqwv rq
ehkdoi ri wkh zrunhuv lq wkh fdvh ri frpsohwho| jhqhudo wudlqlqj1 Erwk ri wkhp
ohdg v|vwhpdwlfdoo| wr dq xqghulqyhvwphqw lq wudlqlqj1 Hvshfldoo| wkh vhfrqg
rqh pd| eh wkh uhdvrq iru jryhuqphqw surylvlrq ri sulpdu| dqg vhfrqgdu|
vfkrrolqj dv zhoo dv ri wkh yhu| jhqhudo hohphqwv lq wkh \WV1

Zlwk uhjdugv wr wudlqlqj rq0wkh0mre/ dv lw lv odujho| wudqvihudeoh/ dssuhq0
wlfhv vkrxog dw odvw sd| d sduw ri lw/ wrr1 Wkh fodvvlfdo srvvlelolw| wr gr vr
zrxog eh e| dffhswlqj d zdjh udwh orzhu wkdq wkhlu pdujlqdo surgxfw1 Lq
idfw/ VWHHGPDQ +4<<6, uhsruwv wkdw dssuhqwlfhvkls zdjhv duh rq dyhudjh
durxqg rqh wklug ri wkrvh ri vnloohg zrunhuv lq wkh vdph vhfwru1 ZLQNHO0
PDQQ +4<<7, uhsruwv wkdw dssuhqwlfhv uhfhlyh 65( ri wkh dyhudjh prqwko|
hduqlqjv ri dq xqvnloohg zrunhu zlwk ohvv wkdq 43 |hduv ri h{shulhqfh1 Rq wkh
rwkhu kdqg/ hvshfldoo| odujh �upv lqfxu vxevwdqldo qhw frvwv lq wudlqlqj wkhlu

7Vhh wkh prghov ri DFHPRJOX SLVFKNH +4<<;d/ 4<<;e/ 4<<;f,/ KDUKRII NDQH
+4<<:,/ IUDQ] VRVNLFH +4<<8, dqg VRVNLFH +4<<7,1

8Iru d surri ri wklv uhvxow vhh VWHYHQV +4<<7,1
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dssuhqwlfhv hyhq iru wkh jhqhudo dqg wudqvihudeoh sduwv ri lw91 Wkhvh �qglqjv
vhhp wr klqw wkdw rq ehkdoi ri wkh dssuhqwlfhv wkhuh lv dw odvw sduwo| d frvw
ehdulqj1 Dgglwlrqdoo|/ wkh| surylgh wkh �uvw dujxphqw zk| sur�w pd{lpl}lqj
�upv zrxog sd| iru sduw ri wkh dssuhqwlfhvkls wudlqlqj1 Dv wkh dssuhqwlfhv
duh zloolqj wr dffhsw d yhu| orz zdjh udwh lw pd| vlpso| eh wkh fdvh wkdw
wkh pdujlqdo surgxfw ri wkh dssuhqwlfhv gxulqj wkhlu wudlqlqj lv kljkhu wkdq
wkh pdujlqdo frvw lqfxuuhg e| wkh wudlqlqj wr wkh �up:1 D vhfrqg vhulhv
ri dujxphqwv lv frqfhuqhg zlwk wkh h{shfwhg uhyhqxh �upv pd| gudz iurp
ixwxuh h{0dssuhqwlfhv dqg zklfk pd| h{fhhg wkh qhw frvwv ri wudlqlqj1 Ds0
so|lqj wklv qrwlrq DFHPRJOX SLVFKNH +4<<<, srlqw rxw/ wkdw lq rughu
wr vhh �upv sd|lqj iru wkh wudlqlqj ri dssuhqwlfhv lw lv qhfhvvdu| wkdw wkh
zdjhv wkh| zloo kdyh wr sd| diwhu wkh wudlqlqj duh frpsuhvvhg lq wkh vhqvh/
wkdw d �up zloo eh deoh wr jhw d vkduh ri wkh lqfuhdvhg pdujlqdo surgxfw ri
wkh wudlqhg zrunhu1 Wkh srvw0wudlqlqj zdjh vwuxfwxuh pd| eh frpsuhvvhg e|
idfwruv zklfk duh hqgrjhqrxv wr wkh wudlqlqj surjudpph dqg rwkhuv ehlqj
h{rjhqrxv1 Dq hqgrjhqrxv zdjh frpsuhvvlrq uhvxowv iurp d olplwhg wudqvihu0
delolw| ri wkh dffxpxodwhg kxpdq fdslwdo wr rwkhuv �upv/ wkxv lqfuhdvlqj d
sulrul wkh edujdlqlqj srzhu ri wkh �up1 Lq wkh fdvh ri frpsohwho| �up0vshfl�f
wudlqlqj/ wklv iroorzv gluhfwo| iurp Ehfnhu*v fodvvlfdo dujxphqw1 Vlplodu uhd0
vrqlqj pljkw dsso| wr wudqvihudeoh wudlqlqj hohphqwv1 H{rjhqrxv frpsuhvvlqj
idfwruv pd| eh zrunhu vshfl�f prelolw| frvwv;/ plqlpxp zdjhv dqg xqlrqv*
lq xhqfhv1 Zdjh frpsuhvvlrq dozd|v kdv wkh h�hfw ri uhgxflqj wkh frpshwl0
wlylw| ri wkh srvw0wudlqlqj oderxu pdunhw/ jlylqj wkh wudlqlqj �up prqrsvrq|
srzhu ri wkh zrunhu1 Lqwhusuhwlqj zdjh frpsuhvvlrq dv d glvwruwlrq iurp wkh
ehqfkpdun frpshwlwlyh zdjh vwuxfwxuh rqh pd| glvwlqjxlvk wzr w|shv ri glv0
wruwlrq/ zklfk uhvxow lq udwkhu gl�huhqw prwlydwlrqv iru wkh h{lvwhqfh ri �up
vsrqvruhg wudlqlqj=

� Grzqzdug glvwruwhg zdjh vwuxfwxuh= Ilupv pdqdjh wr sd| kljo| vnloohg
zrunhuv ohvv wkdq wkhlu dfwxdo pdujlqdo surgxfw1 Ghshqglqj rq wkh

9D yhu| xvhixo frpslodwlrq ri vwxglhv wr wkdw lvvxh pd| eh irxqg lq KDUKRII NDQH
+4<<:,/ wdeoh 51 Dgglwlrqdoo| lw lv zruwk phqwlrqlqj/ wkdw �upv kdyh h{shqvhv hyhq iru wkh
jhqhudo vfkrrolqj ri wkhlu dssuhqwlfhv lq jlylqj wkhp sdlg ohdyh wr dwwhqg vfkrro1

:Wklv fruuhvsrqgv wr wkh qrwlrq wkdw dssuhqwlfhv gr *xqvnloohg zrun* +dw ohdvw dw
wkh ehjlqqlqj ri wkh uhodwlrqvkls, exw iru ohvv wkdq wkh ruglqdu| xqvnloohg zdjh1
IUDQ]2VRVNLFH +4<<8, frqvlghu wklv dv d pdlq uhdvrq zk| wkhuh lv dq h{fhvv vxs0
so| ri dssuhqwlfhvklsv lq vpdoo Jhupdq +fudiw, �upv1 Lq dgglwlrq/ y1 EDUGHOHEHQ hw
do1 +4<<8, �qg hylghqfh wkdw xqghu fhuwdlq dvvxpswlrqv rqh pd| frqfoxgh wkdw iru vpdoo
�upv lq Jhupdq| wkh qhw frvwv ri wudlqlqj duh qhjdwlyh1

;Zklfk pd| uhvxow iurp wudqvsruwdwlrq frvwv/ �up0wr0zrunhu vxevlglhv +olnh �up vsrq0
vruhg pruwjdjhv lq idyrudeoh frqglwlrqv, dv zhoo dv ulvn dyhuvlrq wkurxjk zrunhuv* idplol|
vwdwxvhv/ qxpehu ri fkloguhq dqg vr rq1
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g|qdplfv ri wklv jds< wkh �up zloo kdyh dq lqfhqwlyh wr sd| iru wudlqlqj1

� Xszdug glvwruwhg zdjh vwuxfwxuh= Ilupv pd| kdyh wr sd| d plqlpxp
zdjh wr zrunhuv zklfk lv deryh wkhlu pdujlqdo surgxfw1 E| wudlqlqj
wkhp wkh �up lv deoh wr lqfuhdvh wkhlu pdujlqdo surgxfw zlwkrxw kdylqj
wr sd| kljkhu srvw0wudlqlqj zdjhv ehfdxvh wkh zrunhu zloo qrw eh deoh wr
rewdlq d kljkhu frpshqvdwlrq dw wkh rshq oderxu pdunhw e| wudqvihuulqj
wkh lqfuhdvhg pdujlqdo surgxfw wr rwkhu �upv1

Wkhvh wzr w|shv ri glvwruwlrq edvlfdoo| h{sodlq wkh lqfhqwlyhv iru �upv
wr wudlq431 Wr vxppdul}h/ wkh dujxphqwv wkdw kdyh ehhq sxw iruwk e| wkh
olwhudwxuh iru wkh h{lvwhqfh ri hqgrjhqrxvo| frpsuhvvhg zdjh vwuxfwxuhv duh=

Dv|pphwulf Lqirupdwlrq ehwzhhq wkh fxuuhqw hpsor|hu dqg rwkhu
�upv lq wkh hfrqrp| derxw

� Dprxqw ri wudlqlqj dqg kxpdq fdslwdo = Srwhqwldo hpsor|huv pd| qrw eh
deoh wr mxgjh wkh h{dfw txdqwlw| dqg txdolw| ri wkh wudlqlqj wkh zrunhu
kdv uhfhlyhg dqg pd| wkhuhiruh eh xqzloolqj wr frpshqvdwh zrunhuv iru
wkhvh xqfuhghqwldoohg vnloov441

� Wkh delolw| ri |rxqj zrunhuv +vfuhhqlqj dujxphqw,1 Wkh hduo| |hduv
ri d zrunhu*v fduhhu uhyhdo ydoxdeoh lqirupdwlrq derxw zkhwkhu d kh lv
vxlwhg wr wkh rffxsdwlrq wkdw kh kdv fkrvhq451 Zrunhuv zkr duh odlg r�
kdyh/ rq dyhudjh/ orzhu delolw|/ wkxv wkh ydoxh ri wudlqlqj lv uhodwlyhoh|
orz iru wkhp1 Vlqfh d kljk delolw| wudlqhg zrunhu fdqqrw txlw dqg vljqdo

<Wkh �up zloo rulhqwdwh lwvhoi rq wkh uhodwlrq pdujlqdo lqfuhdvh ri wkh jds zlwk pdujlqdo
frvwv ri wudlqlqj1

43KDUKRII NDQH +4<<:, dv zhoo dv IUDQ] VRVNLFH +4<<8, uhsruw d wklug prwl0
ydwlrq iru r�hulqj dssuhqwlfhvklsv zklfk txhvwlrqv wklv udwlrqdo dssurdfk dqg zklfk zdv
riwhq phqwlrqhg e| kxpdq uhvrxufh pdqdjhuv lq wkhlu lqwhuylhzv= D qrup pljkw kdyh
ghyhorshg zlwklq wkh exvlqhvv frppxqlw| wr surylgh vxfk wudlqlqj dqg vr wr frpso| zlwk
vrfldo h{shfwdwlrqv1 D vlplodu dujxphqw pljkw eh dssolhg wr vpdoo �upv rq wkh frxqwu|0
vlgh1 Krzhyhu/ lw pd| dovr eh dujxhg wkdw lq ehkdylqj vr lw lv yhu| olnho| wkdw �upv vhfxuh
wkhpvhoyhv dgglwlrqdo uhyhqxhv wkurxjk lqirupdo dgydqwdjhv/ zklfk kdyh wr eh wdnhq lqwr
dffrxqw lq fdofxodwlqj wkh qhw frvw ri wudlqlqj/ vr wkdw wkh �uvw jhqhudo dujxphqw dssolhv1

44Wklv h{sodqdwlrq iru wkh suhvhqfh ri �up vsrqgruhg wudlqlqj zdv �uvw vxjjhvwhg e|
NDW] dqg ]LGHUPDQ +4<<3, dqg zdv irupdol}hg e| FKDQJ dqgZDQJ +4<<9,> lw pd|
eh ohvv uhohydqw iru wkh Jhupdq dssuhqwlfhvkls v|vwhp zkhuh wkh frqwhqw ri dssuhqwlfhvkls
surjudpphv lv uhjxodwhg e| wkh jryhuqphqw dqg iroorzv d zhoo0vshfl�hg fxuulfxoxp1

45DFHPRJOX SLVFKNH +4<<;d, ghyhors d prgho rq wklv lvvxh1 Wkh| vkrz wkdw/
zkhq delolw| dqg wudlqlqj duh frpsohphqwv/ wklv w|sh ri dv|pphwulf lqirupdwlrq ohdgv wr
d frpsuhvvhg zdjh vwuxfwxuh1 Dqdorjrxv prghov kdyh ehhq sursrvhg e| PDOFRPVRQ
hw do1 +4<<:,/ VX +4<<:, dqg VWDWW +4<<;,1
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klv delolw|/ wkh hpsor|whu fdq nhhs klp zkloh sd|lqj ohvv wkdq wkh ixoo
ydoxh ri klv vnloov1

Dv|pphwulf Lqirupdwlrq ehwzhhq zrunhu dqg wkh hpsor|hu +hi0
�flhqf| zdjh dujxphqw,1 Wklv frqfhuqv wkh h{dfw ohyho ri h�ruw dqg
gloljhqfh h{huwhg e| wkh hpsor|hh= Zdjhv kdyh wr vdwlvi| wkh zrunhu*v lqfhq0
wlyh frqvwudlqw zklfk frpsuhvvhv djdlq wkh zdjh vwuxfwxuh461

Lqwhudfwlrq ri Vshfl�f dqg Jhqhudo Vnloov= Jhqhudo vnloov pd| riwhq
rqo| eh wdxjkw lq lqwhufrqqhfwlrq zlwk vshfl�f vnloov1 Dv wudlqlqj zrunhuv lq
vshfl�f vnloov |lhogv dq lqfuhdvhg prqrsvrq| srzhu iru wkh �up/ lw zloo eh
zloolqj wr sd| iru wkh jhqhudo wudlqlqj/ wrr1 Lq sudfwlfh/ vxfk pl{hg wudlqlqj
surjudpphv lq sudfwlfh xvxdoo| ohdg wr d olplwhg ghjuhh ri wudqvihudelolw| vr
wkh prqrsvrq| srzhu ri wkh �up uholhv e| odujh rq wkh hqgrjhqrxv suredelolw|
ri zrunhuv wr fkdqjh mrev diwhu wudlqlqj1 Xqiruwxqdwho| wklv fkdudfwhulvwlf lv
prvwo| qhjohjwhg e| prghov edvhg xsrq wklv dujxphqw471

H{rjhqrxvo| frpsuhvvhg zdjh vwuxfwxuhv duh sulpdulo| wkh uhvxow ri vwuxf0
wxudo pdunhw fkdudfwhulvwlfv=

Oderxu Pdunhw Lqvwlwxwlrqv

� Plqlpxp zdjhv= Lqfuhdvhv wkh sd| ri ohvv vnloohg zrunhuv zkloh ohdylqj
wkh zdjhv ri vnloohg zrunhuv odujhoh| xqd�hfwhg1 Wklv ohdgv wr wkh
uhdvrqlqj ri grzqzdug zdjh glvwruwlrq481

� Xqlrqv= Irufh hpsor|huv wr sd| kljkhu zdjhv wr ohvv vnloohg zrunhuv1
Wkh h�hfw lv wkh vdph dv zlwk plqlpxp zdjhv491

Prelolw| dqg Wudqvdfwlrq Frvwv= Wudqvdfwlrq frvwv uhvxow iurppdwfk0
lqj dqg vhdufk iulfwlrqv1 Wkh suhvhqfh ri vhdufk frvwv lq wkh oderxu pdunhw
fuhdwhv d elodwhudo prqrsro| vlwxdwlrq lq zdjh ghwhuplqdwlrq1 Wkhuh lv d
pdwfk vshfl�f vxusoxv/ fuhdwhg e| frvwv ri �qglqj qhz sduwqhuv/ dqg wklv
vxusoxv zloo eh vkduhg e| edujdlqlqj4:1 Lw w|slfdoo| lpsolhv wkdw �upv rewdlq

46Prghov e| DFHPRJOX SLVFKNH +4<<;e,/ ORHZHQVWHLQ VSOHW]HU +4<<;,1
47Dujxphqwv lq wklv gluhfwlrq zkhuh sursrvhg e| prghov iurp ELVKRS +4<<9,/

VWHYHQV +4<<7, dqg IUDQ]2VRVNLFH +4<<8,1
48Prghov e| DFHPRJOX SLVFKNH +4<<;f,/ KDVKLPRWR +4<;5,1
49Wklv dujxphqw lv sursrvhg e| DFHPRJOX SLVFKNH +4<<;e,/ KDUKRII2NDQH

+4<<:, dqg VRVNLFH+4<<7,1
4:Vhh GLDPRQG +4<;5,/ PRUWHQVHQ +4<;9, dqg SLVVDULGHV +4<<3, iru dqdo|vlv

ri wkh vwdqgdug vhdufk dqg pdwfklqj prgho1

:



Completely 
Specific 
Training

Purely 
Monosponic 

Labour Market

Mobility Costs
Minimum Wages

Unions

Purely Competitive
Labour Market

Do Firms Train? Why?
Yes: Through Exogenously 
Compressed Wage Structure

Yes: Through Endogenously 
Compressed Wage Structure

No

Externality
- Underinvestment - 

Credit Constraint
- Underinvestment - 

Completely 
General Training

Transferable 
Training

Yes: Apprentices are cheaper and more
flexible than unskilled workers

Sources of Market Failure

Iljxuh 4= Vrxufhv ri oderxu pdunhw lpshuihfwlrq dqg �upv* lqfhwqlyhv wr sd|
iru wudlqlqj1

d iudfwlrq ri wkh surgxfwlylw| ri wkh zrunhu dv sur�wv1 Edujdlqlqj wkhuh0
iruh frpsuhvvhv wkh zdjh vwuxfwxuh dqg fuhdwhv lqfhqwlyhv iru �up0vsrqvruhg
wudlqlqj4;1 Vxemhfwlyh prelolw| frvwv pd| dgglwlrqdoo| lqfuhdvh wkhvh iulf0
wlrqv4<1

Iljxuh +4, vxppdul}hv wkh wzr edvlf dujxphqwv/ qhjdwlyh qhw frvwv ri
wudlqlqj dqg frpsuhvvhg srvw0wudlqlqj zdjh vwuxfwxuhv1 Lw vkrzv wkh lq0
whufrqqhfwlrqv ri oderxu pdunhw vlwxdwlrq dqg lqfhqwlyhv iru �upv wr wudlq1
Jryhuqphqw lqwhuyhqwlrq xvxdoo| lv wkh uhvxow ri wkh pdunhw idloxuhv ghslfwhg
lq wkh orzhu sduw ri wkh slfwxuh1 Lw lv fohdu wkdw lq rughu wr jlyh d uhdvrqdeoh
edvlv wr whvw wkh +uhodwlyh, vljql�fdqfh ri wkhvh dujxphqwv d frpsuhkhqvlyh
prgho vkrxog eh deoh wr lqfursrudwh dv pdq| ri wkhp dv srvvleoh1 Wkh prgho
zklfk lv ghyhorshg lq wkh iroorzlqj vhfwlrq wulhv wr h{sodlq zk| �upv pd| eh
zloolqj wr sd| iru dssuhqwlfhvkls wudlqlqj xvlqj d jdph wkhruhwlf vhwwlqj lq
rughu wr prwlydwh wkh vshfl�f irupdol}dwlrq ri wkh hqgrjhqhlw| ri wkh zdjh
frpsuhvvlrq wr wkh wudlqlqj surjudpph1 Lw lqfrusrudwhv wkh ydoxh yhfwruv ri

4;Wklv vwru| lv sursrvhg lq ghwdlo e| DFHPRJOX +4<<:,1
4<Wklv dujxphqw zdv lqfrusrudwhg lq wkh prghov ri DFHPRJOX2SLVFKNH +4<<;e,/

KDUKRII2NDQH +4<<:/ 4<<6,/ VWHYHQV +4<<7,1
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wudlqlqj lqwurgxfhg e| VWHYHQV +4<<7,1 Lq Vhfwlrq 6 wkh suhglfwlrqv ri wkh
prgho duh lqyhvwljdwhg dv zhoo dv lwv delolw| wr uhsuhvhqw wkh diruhphqwlrqhg
dujxphqwv1

5 Wkh Prgho
Zh vwduw e| orrnlqj dw d vw|ol}hg vlwxdwlrq zkhuh d �up kdv wr ghflgh dw d
srlqw | lq wlph zkhwkhu ru qrw wr r�hu mrev wr wkh iroorzlqj wkuhh w|shv ri
zrunhuv=

� Vnloohg zrunhuv= D sulrul wkh| glvsrvh ri wkh vwdqgdugl}hg pdunhwdeoh
txdol�fdwlrq }1 Ehlqj kluhg wkh| kdyh |hw wr eh wudlqhg lq �up vshfl�f
kxpdq fdslwdo/ ^@1 Wkh jdlq iru wkh �up iurp klulqj wkhp lv wkhlu
pdujlqdo surgxfw uhvxowlqj iurp wklv �up vshfl�f kxpdq fdslwdo1 Lq
rughu qrw wr lqfxu h{shfwhg orvvhv wkh �up zloo r�hu wkhp wkhlu h{shfwhg
pdujlqdo surgxfw zlwkrxw �up vshfl�f frpsrqhqw/ zklfk lv htxdo wr
wkhlu pdunhwdeoh ydoxh }1

� Xqvnloohg zrunhuv= Doo zrunhuv zkr gr qrw glvsrvh ri wkh lqgxvwu|0
vshfl�f wudlqlqj1 Vnloo hohphqwv zklfk duh wudqvihudeoh dfurvv doo lq0
gxvwulhv duh dvvxphg wr eh }hur/ uh hfwlqj wkh idfw wkdw wkh| gr qrw
lq xhqfh wkh uhodwlyh surgxfwlrq ydoxh ri wkh gl�huhqw w|shv ri zrun0
huv531 Wkh| uhfhlyh qr wudlqlqj lq �up vshfl�f whfkqrorjlhv vr wkhlu
pdujlqdo surgxfw lv hvvhqwldoo| frqvwdqw ryhu wlph1

� Dssuhqwlfhv= D pl{wxuh ri xqvnloohg dqg vnloohg zrunhuv1 Lqlwldoo| xq0
wudlqhg zrunhuv zkr rewdlq wkh vwdqgdugl}hg pdunhwdeoh txdol�fdwlrq
ri vnloohg zrunhuv dv zhoo dv �up0vshfl�f kxpdq fdslwdo gxulqj wkhlu
wudlqlqj1 Dw wkh hqg ri wkhlu wudlqlqj wkh| kdyh wkh sur�oh ri d ixoo|
wudlqhg vnloohg zrunhu1 Gxulqj wudlqlqj wkh| duh sdlg d ohjdo zdjh
zklfk pd| eh ehorz wkh zdjh iru xqvnloohg zrunhuv1 Diwhu wudlqlqj
wkh| duh sdlg wkhlu pdunhwdeoh ydoxh plqxv wkh frvw wkh| pljkw lqfxu
iurp fkdqjlqj hpsor|huv1

Dv iru wkh �upv* fkdudfwhulvwlfv zh pdnh wkh iroorzlqj dvvxpswlrqv=

53Wklv uh hfwv wkh qrwlrq wkdw d jdughqhu pd| qrw wudqvihu d orw ri klv wudlqlqj wr d mre
lq wkh rlo lqgxvwu| exw iru klv yhu| jhqhudo vfkrrolqj1 Hvvhqwldoo| kh zloo hqwhu wkdw lqgxvwu|
dv dq xqvnloohg zrunhu1 Wklv grhv qrw uh hfw vlplodulwlhv ehwzhhq vrph lqgxvwu|0vshfl�f
vnloov/ zkrvh h�hfwv duh lpsolflwho| dvvxphg wr vxp xs wr dq h{shfwhg ydoxh ri }hur1
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� Ilupv lq wkh vdph lqgxvwu| duh dvvxphg wr eh odujho| krprjhqrxv zlwk
uhjdugv wr wkhlu qhhgv lq txdol�fdwlrq sur�ohv ri vnloohg zrunhuv1 Wkhvh
sur�ohv frqvlvw lq nqrzohgjh ri wkh �up0vshfl�f vwdqgdug whfkqror0
jlhv1 Lq dgglwlrq/ hyhu| �up kdv d sursulhwdu| ghjuhh ri vshfl�w| +qrq0
vwdqgdug whfkqrorj|/ rujdqlvdwlrqdo dqg frppxqlfdwlrq vwuxfwxuhv,1 Lw
lv xs wr wkh �up/ krz pxfk ri wklv vshfl�w| lw zloo lqfoxgh lq wkh wudlq0
lqj ri dssuhqwlfhv dqg wkdw ri vnloohg zrunhuv uhvshfwlyho|1

514 Dqdo|vlv ri wkh Vhwwlqj

Wr jhw d pruh devwudfw irupxodwlrq zh dvvxph wkh whpsrudo vwuxfwxuh ri wkh
�up*v ghflvlrq wr eh dv ghslfwhg lq �jxuh +4,1 D �up � ghflghv d srlqw |
lq wlph zkhwkhu ru qrw wr r�hu d srvlwlyh dprxqw ri dssuhqwlfhvklsv1 Zlwk
� ehlqj wkh xqlirup ohqjwk ri dq dssuhqwlfhvkls wkh �up nqrzv wkdw dw d
srlqw | n � wkh dssuhqwlfh kluhg lq srlqw | zloo uhfhlyh vlpxowdqhrxv zdjh
r�huv e| doo wkh �upv lq wkh pdunhw1 Hyhu| �up zloo r�hu lwv h{shfwhg �up0
vshfl�f pdujlqdo surgxfw jlyhq wkh lqirupdwlrq ri d vxffhvvixoo| frpsohwhg
dssuhqwlfhvkls wudlqlqj1 Dowhuqdwlyho|/ wkh �up pd| r�hu mrev wr xqvnloohg
zrunhuv lq wkh rshq oderxu pdunhw ru wu| wr gluhfwo| srdfk vnloohg zrunhuv
iurp rwkhu �upv lq wkh lqgxvwu|1 Wkh vlwxdwlrq fdq eh gh�qhg dv d vhtxhqwldo
ghflvlrq surfhvv dw hdfk wlph |1 Dq lqfxpehqw �up frpsduhv wkh pdujlqdo
sd|r�v iurp lqfoxglqj dgglwlrqdo lqsxw idfwruv/ l1h1 pdnlqj mre r�huv wr wkh
ydulrxv w|shv ri zrunhuv1 D surfhvv dv lw lv nqrz iurp wkh ghfrpsrvlwlrq
ri olqhdu surjudppdwlrq xqghu uhvwulfwlrqv541 Krzhyhu/ lq wkh suhvhqw fdvh
wkhuh lv d vxevwdqwldo lqwhudfwlrq ehwzhhq srwhqwldoo| wudlqlqj �upv* h{shfwhg
sd|r�v dqg wkh h{shfwhg sd|r�v ri rwkhu �upv lq wkh pdunhw= Dq h{whuqdolw|
wr wudlqlqj h{lvwv dv orqj dv dq| qrq0wudlqlqj �up lq wkh oderxu pdnuhw pd|
rewdlq d srvlwlyh h{shfwhg sd|r� iurp wkdw wudlqlqj1 Vr/ dv zrunhuv zloo
jhqhudoo| jr wr wkh �up zklfk r�huv wkhp wkh kljkhvw frpshqvdwlrq/ dq
lqfxpehqw �up edvlfdoo| sod|v d jdph zlwk doo wkh rwkhu �upv lq wkh pdunhw
lq ghwhuplqlqj wkh qxpehuv ri wkh gl�huhqw mrev lw r�huv1 Dgglwlrqdoo|/ lw
vhwv wkh dprxqw ri �up vshfl�f lqirupdwlrq lw zloo lqfoxgh lq wkh wudlqlqj
surjudpphv/ dv lw lqfuhdvhv lwv vsdq ri srvvleoh zdjh r�huv1 Dw d wlph | d
�up zloo sod| wklv jdph lwhudwlyho|/ dv orqj dv lw rewdlqv d srvlwlyh h{shfwhg
uhwxuq iurp d mre r�hu wr rqh ri wkh wkuhh w|shv ri zrunhuv1

Wkh ghflvlrq wuhh uhvxowlqj iurp wklv vlwxdwlrq lv sduwldoo| uhsuhvhqwhg lq
�jxuh +6,1 Dw dq| lwhudwlrq wkh ghflglqj �up fkrrvhv wr r�hu dq dssuhq0
wlfhvkls/ dq xqvnloohg srvlwlrq ru wr pdnh d srdfk r�hu wr vnloohg zrunhuv1

54Ri zkrp wkh zlgho| xvhg Nxkq0Wxfnhu rswlpl}dwlrq surfhgxuh lv exw d vshfldo fdvh1
Vhh FKLDQJ +4<;7,1
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All firms make simultaneous wage off
trained apprentices

Firm i decides how many job offers it is willin
to make to
-skilled workers
-unskilled workers
-apprentices
All firms make simultaneous wage offers to 
skilled workers.

Skilled workers choose the firm / outsi
opportunity with the highest compensa
Firm i trains apprentices and the skille
for which his poaching offer was succe

The ex-apprentices choose the fir
/outside opportunity with the high
(subjective) compensation

t t+τ T

Iljxuh 5= Ghflvlrq vwuxfwxuh ri d �up dw d srlqw |1

Wkh frorxuhg qrghv ghslfw wkh �upv vhtxhqwldo fkrlfh/ wkh xqfroruhg qrghv
duh vlpxowdqhrxv pryhv e| doo frqfxuulqj �upv lq wkh oderxu pdunhw1 Wkh
vlpxowdqhrxv pryhv iru vnloohg zrunhuv wdnh sodfh dw wlph | diwhu doo �upv
kdyh pdgh wkhlu mre r�hu ghflvlrqv/ dqg wkxv duh xqfhuwdlq e| wkhlu rxwfrph1
Wkh vlpxowdqhrxv pryhv iru dssuhqwlfhv wdnhv sodfh dw wlph � / zlwk xqfhuwdlq
rxwfrph hlwkhu1 Wr lghqwli| irupdoo| wkh rxwfrph ri wklv ghflvlrq surfhvv zh
vwduw e| lghqwli|lqj wkh hohphqwv ri wklv jdph1 Ohw � eh wkh ryhudoo qxpehu
ri �upv lq wkh pdunhw/ UE%c ,c |c?� eh wkh lqirupdwlrq vhw ri sod|hu � dw wlph |
dw wkh ghflvlrq qrgh55 %/ , eh wkh lwhudwlrq frxqwhu ri wkh gl�huhqw mre r�huv
wkdw vxffhvvlyho| *�oo xs* wkh yhfwru

? '

3
C ?@

?�

?r

4
D 1

?@ lv wkh qxpehu dssuhqwlfhvklsv r�huhg/ ?� dqg ?r duh wkh qxpehuv ri
xqvnloohg dqg vnloohg mrev r�huhg uhvshfwlyho|1 Zh ghqrwh j%, dv wkh vwudwhj|
% fkrvhq e| d �up dw lwhudwlrq , dqg j3% dv wkh sur�oh ri pl{hg vwudwhjlhv ri
wkh � � � rwkhu �upv lq wkh pdunhw1 Ixuwkhu zh gh�qh j�, dv wkh vwudwhj|

55Zlwk { 5 i3> D> X> Vj dqg 3 = Glg qrw suhylrxvo| r�hu d mre +�uvw urxqg,/ D = Suhylrxv
mre r�hu zdv dq dssuhqwlfhvkls/ X = Suhylrxv mre r�hu zdv dq xqvnloohg srvlwlrq/ V =
Suhylrxv mre r�hu zdv d srdfklqj r�hu1
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wr r�hu dq dssuhqwlfhvkls/ jL, dqg j7, dv wkh vwudwhjlhv wr r�hu d mre wr dq
xqvnloohg zrunhu dqg wr pdnh d srdfklqj r�hu wr d vnloohg zrunhu uhvshfwlyho|1
Wkh vhw ri srvvleoh vwudwhjlhv dw lwhudwlrq , lv ghqrwhg e| {E7,�1 Wkh fkrlfh ri
d vwudwhj| lv grqh iru hyhu| vlqjoh mre wr eh r�huhv vxffhvvlyho| e| d uhvshfwlyh
xsgdwlqj ri wkh lqirupdwlrq vhw UE%c ,c |c?�1 Wkdw lv/ lq wkh �uvw urxqg wkh
�up wdnhv ? wr eh wkh }hur yhfwru1 Lw vwduwv e| frpsdulqj lwv xwlolwlhv iurp
fkrrvlqj rqh ri wkh hohphqwv ri ? wr eh vhw wr rqh1 Lw wkh qh{w lwhudwlrq lw
frpsduhv wkh xwlolwlhv jlyhq wkdw rqh ri wkh hohphqwv lq ? lv qrq0}hur dqg
vr rq1 Wr looxvwudwh wklv lwhudwlrq surfhvv orrn djdlq dw �jxuh +6,1 Dw wlph
| d �up vwduwv e| frpsdulqj wkh sd|r�v iurp hpsor|lqj d zrunhu ri rqh ri
wkh wkuhh txdol�fdwlrq w|shv/ jlyhq lwv lqirupdwlrq vhw UEfc �c |c?�1 Lw kdv
wr eh uhdg dv wkh lqirupdwlrq �up � kdv lq wkh �uvw urxqg kdylqj hpsor|hg
3 zrunhuv |hw1 Lq wkh slfwxuh/ wkh �up frqfoxghv wkdw wr vwduw e| r�hulqj
dq dssuhqwlfh |lhogv wkh kljkhvw h{shfwhg xwlolw|1 Lq ghflglqj wkdw wkh �up
grhv qrw nqrz zkhwkhu lw zloo vxffhhg ru qrw wr pdnh d frpshwlwlyh zdjh
wr wkh dssuhqwlfh diwhu klv wudlqlqj1 Lw h{solflwho| wdnhv wklv srvvlelolw| lqwr
dffrxqw e| dvvljqlqj d srvlwlyh suredelolw| wr doo srvvleoh rxwfrphv ri d
fkrlfh dqg wkhq e| frpsdulqj wkh h{shfwhg xwlolwlhv iurp pdnlqj d mre r�hu
wr rqh ri wkh wkuhh txdol�fdwlrq w|shv1 Lq wkh vhfrqg lwhudwlrq wkh �up djdlq
frpsduhv wkh h{shfwhg xwlolwlhv jlyhq wkh lqirupdwlrq wkdw lw kdv douhdg|
r�huhg dq dssuhqwlfhvkls/ zklfk fkdqjhv dw ohdvw wkh qhw pdujlqdo surgxfw
ri vhfrqg dssuhqwlfhvkls r�hu1 Wkh uhvxow ri wklv fkrlfh lv ohiw xqghwhuplqhg
lq wkh �jxuh1 Iru dq| �up lq wkh pdunhw wkh jdph frqvlvwv ri u� vxffhvvlyh
vlpxowdqhrxv pryhv zlwk u� ' ?@� n?�� n?r� ehlqj wkh ryhudoo �qdo qxpehu ri
lwv mre r�huv1

Wr lghqwli| irupdoo| zkhuh wkh �upv hqg xs lq wkh htxloleulxp/ �uvw qr0
wlfh wkdw wklv lv d vhtxhqwldo jdph ri lpshuihfw lqirupdwlrq1 Wkh lqfxpehqw
�up lv xqfhuwdlq derxw wkh dprxqw ri vshfl�w| rwkhu �upv lq wkh pdunhw zloo
lqfoxgh lq wkhlu wudlqlqj ri dssuhqwlfhv dqg vnloohg zrunhuv1 Wklv zloo lq x0
hqfh wkh uhvshfwlyh suredelolwlhv ri vxffhvvixoo| uhwdlqlqj dq dssuhqwlfh diwhu
wudlqlqj dv zhoo dv ri vxffhvvixoo| srdfklqj vnloohg zrunhuv irup rwkhu �upv1
Wr holplqdwh srvvleoh xquhdvrqdeoh htxloleulxpv lw lv lpsruwdqw wkdw wkh �u0
p*v dfwlrq lv rswlpdo iru vrph eholhi wkdw lw pljkw kdyh derxw wkh vwudwhj|
xvhg e| wkh rwkhu sod|huv1 Wklv vroxwlrq frqfhsw lv fdoohg d zhdn Ed|hvldq
htxloleulxp561 Lw uhtxluhv wkdw dw dq| srlqw lq wkh jdph/ d sod|hu*v vwudw0
hj| suhvfulehv rswlpdo dfwlrqv iurp wkdw srlqw rqzdugv/ jlyhq klv rssrqhqw*v

56Vhh IXGHQEHUJ WLUROH +4<<9/ 4<<4, iru d glvfxvvlrq ri Ed|hvldq Htxloleuld dv
zhoo dv P|huvrq +4<<4, zkr uhihuv wr wkh frqfhsw dv d zhdn vhtxhqwldo htxloleulxp,1 Lw
h{whqgv wkh sulqflsoh ri vhtxhqwldo udwlrqdolw| e| irupdoo| lqwurgxflqj wkh sod|huv* eholhiv1
Wkh vhtxhqwldo udwlrqdolw| ri d sod|hu*v vwudwhj| lv whvwhg yld klv eholhiv derxw zkdw pd|
kdyh kdsshqhg sulru wr khu pryh1 Hvvhqwldoo| ohwv wkh sod|hu hqg xs pd{lplvlqj wkhlu
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"Wage offer of the 
firm is not highest": 

1-π s

"Wage offer of the 
firm is highest": 

π s

"Wage offer of the 
firm after training is 

not highest" : 
1-π a

"Wage offer of the 
firm after training is 

highest": 
π a

Apprentice

"Wage offer for a 
skilled worker"

Unskilled Skilled

Apprentice

"Wage offer for a 
skilled worker"

Unskilled Skilled

I(0,1,t,n)

I(A,2,t,n)

Iljxuh 6= Ghflvlrq wuhh ri d �up l lq d lq d jdph frqvlvwlqj ri O vxffhvvlyh
vlpxowdqhrxv pryh jdphv lq zklfk wkh Q �upv +sod|huv, ghwhuplqh wkhlu
rswlpdo qxpehu ri hpsor|hhv ri wkuhh txdol�fdwlrq w|shv1

vwudwhjlhv dqg klv eholhiv derxw zkdw kdv kdsshqhg vr idu lq wkh jdph1 Wkhvh
eholhiv kdyh wr eh frqvlvwhqw zlwk wkh vwudwhjlhv ehlqj sod|hg1 E| gh�qlqj
d v|vwhp ri eholhiv57/ Z�/ dqg lpsohphqwlqj wkh sulqflsoh ri vhtxhqwldo udwlr0
qdolw|58/ zh pd| lghqwli| iru �up � d vwudwhj| sur�oh j� ' Ej�%c � � � c ju�%� dv

h{shfwhg xwlolw| xvlqj wkhlu eholhiv derxw wkh suredelolw| wkdw wkh| duh dw d fhuwdlq qrgh
lq wkh jdph1

57Wklv pd| eh gh�qhg dv d vshfl�fdwlrq ri d suredelolw| �+{, 5 ^3> 4` iru hdfk ghflvlrq
qrgh { lq � vxfk wkdw [

{5L+{>w>o>q,

�+{, @ 4

iru doo lqirupdwlrq vhwv L1 D v|vwhp ri eholhiv fdq eh wkrxjkw ri dv vshfli|lqj/ iru hdfk
lqirupdwlrq vhw/ d suredelolvwlf dvvhvvphqw e| wkh sod|hu prylqj dw wkdw vhw ri wkh uhodwlyh
suredelolwlhv ri ehlqj dw hdfk ri wkh lqirupdwlrq vhw*v ydulrxv ghflvlrq qrghv/ frqglwlrqdo
rq sod| kdylqj uhdfkhg wkdw lqirupdwlrq vhw1

58Htxloleulxp vwudwhjlhv vkrxog vshfli| rswlpdo ehkdylrxu iurp dq| srlqw lq d jdph
rqzdugv/ l1h1 d sod|hu*v vwudwhj| vkrxog vshfli| rswlpdo dfwlrqv dw hyhu| srlqw lq wkh jdph
wuhh1
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vhtxhqwldoo| udwlrqdo li zh kdyh iru dq| lwhudwlrq , 59=

.d�%,mU,c Z�c j%,cj3%o � .d�%�,mUc Z�c j�%�,cj3%� o +4,

iru doo j�%�, 5 {E7,�1 Li vwudwhj| sur�oh j� vdwlv�hv wklv frqglwlrq iru doo
lqirupdwlrq vhwv U,/ wkhq zh fdq vd| lw wr eh vhtxhqwldoo| udwlrqdo jlyhq d
�up �*v eholhi v|vwhp Z�

5:1 Wr lghqwli| d v|vwhp ri eholhiv wkdw vdwlv�hv wklv
vshfl�f frqvlvwhqf| uhtxluhphqw zh pd| xvh wkh idfw wkdw lq wkh fxuuhqw sure0
ohp hdfk sod|hu dvvljqv vwulfwo| srvlwlyh suredelolw| wr hdfk srvvleoh dfwlrq
dw hyhu| rqh ri khu lqirupdwlrq vhwv1 Vr iru hdfk qrgh %, d sod|hu zloo frp0
sxwh wkh suredelolw| ri kdylqj uhdfkhg wkdw qrgh jlyhq sod| ri vwudwhjlhv j%,/
� E%%, m j%,� e| dvvljqlqj frqglwlrqdo suredelolwlhv ri ehlqj dw hdfk ri wkhvh
qrghv xvlqj Ed|hv* uxoh

� E%, m U,c j%,� ' � E%, m j%,�S
%�

,
MU,

� E%�, m j%,�
1

Zlwk wklv h{suhvvlrq lw lv srvvleoh wr gh�qh d sur�oh ri vwudwhjlhv dqg d
v|vwhp ri eholhiv Ej�c Z�� wr eh d zhdn shuihfw Ed|hvldq htxloleulxp li wkh
vwudwhj| sur�oh j� lv vhtxhqwldoo| udwlrqdo jlyhq eholhi v|vwhp Z�/ l1h1 +4,
lv ixo�oohg/ dqg wkh v|vwhp ri eholhiv Z� lv ghulyhg iurp vwudwhj| sur�oh j�
wkurxjk Ed|hv* uxoh1 Vr/ �qdoo|/ zh pd| ghulyh htxloleulxp frqglwlrqv iru
wkh �up*v ghflvlrq zlwk uhjdugv wr dssuhqwlfhvklsv1 Iurp wkh dujxphqwdwlrq
vhtxhqwldo udwlrqdolw| dw dq| lwhudwlrq , d �up zloo r�hu mrev ri wkh gl�huhqw
w|shv xqwlo

��,
-
' �L,

-
' �7,

-
' f +5,

�^@
-
' �^r

-
' f

lv ydolg1 �^@ lv wkh pdujlqdo xwlolw| wkh �up uhfhlyhv iurp lqfuhdvlqj wkh
�up0vshfl�f wudlqlqj frqwhqw lq dssuhqwlfhvkls wudlqlqj dqg �^r lv wkh fruuh0
vsrqglqj pdujlqdo xwlolw| zlwk lqlwldo wudlqlqj ri vnloohg zrunhuv1 Irup +5,
dqg +4, iroorzv wkdw d �up zloo r�hu dw ohdvw rqh dssuhqwlfhvkls/ li

.d��,mU,c Z�c j�,cj3�o : iru vrph ,1 +6,

59H^x{omLo> �> �{o>j�{` ghqrwhv sod|hu l*v h{shfwhg xwlolw| vwduwlqj dw klv lqirupdwlrq vhw
Lo li klv eholhiv uhjduglqj wkh suredelolwlhv ri ehlqj dw wkh ydulrxv qrghv lq Lo duh jlyhq e|
�/ li kh iroorzv vwudwhj| �{o dqg li klv ulydov xvh vwudwhjlhv j�{1

5:Wkdw lv/ dw d srlqw +q> o, jlyhq wkh eholhi ri �up l derxw wkh suredelolw| � wkdw lw lv d
qrgh �dssuhqwlfh zloo vwd|� wkh �up zloo kdyh qr lqfhqwlyh wr uhylvh wkh suhylrxv vwudwhj|
�kluh dq dssuhqwlfh�1 Wkh frqglwlrq wkdw wklv lv jrlqj wr eh vdwlv�hg lv wkdw wkh h{shfwhg
xwlolw| iurp wkh vwudwhj| �klulqj dq dssuhqwlfh� zdv kljkhu wkdq dq| rwkhu vwudwhj| dw
srlqw +q> o � 4,1

47



Qrwlfh wkdw rxu dujxphqwdwlrq glg qrw rqo| |lhog wkh fodvvlfdo rswlpdolw|
frqglwlrqv exw dovr jdyh d uhdvrqdeoh zd| wr prgho wkh lqwhudfwlrq ri wkh lq0
fxpehqw �upv* ghflflrqv wkurxjk wkh suredelolwlhv ghwhuplqlqj wkh h{shfwhg
pdujlqdo uhwxuqv xvlqj Ed|hv* uxoh1

515 Wkh Uxohv ri Sod|

Qrz/ lq rughu wr vshfli| wkh uhohydqw hohphqwv ri wkh vhwwlqj rxwolqhg deryh/
vrph whfkqlfdo dvvxpswlrqv duh qhhghg wr gh�qh wkh uxohv ri sod| dqg wkh
srvvleoh dfwlrqv iru �upv lq wkh pdunhw1 Frqfhuqlqj wkh ehkdylrudo vwuxfwxuh
ri wkh sduwlflsdqwv zh dvvxph wkdw �upv duh ulvn qhxwudo zlwk uhjdugv wr wkh
mre r�huv wkh| pdnh1 Vr/ wkhlu xwlolw| pd{lpl}dwlrq uhgxfhv wr dq h{shfwhg
sur�w pd{lpl}dwlrq1 Doo �upv nqrz wkdw doo wkh rwkhu �upv lq wkh pdunhw
ehkdyh udwlrqdo zlwk uhjdugv wr wkh klulqj ri hpsor|hhv +frpprq nqrzohgjh
ri udwlrqdolw|,1 Ixuwkhu/ wkh ghflvlrq wr ehfrph dq dssuhqwlfh lv wdnhq wr eh
wkh uhvxow ri dv d olihwlph xwlolw| pd{lpl}dwlrq1 Wkxv/ dssuhqwlfhv duh zloolqj
wr zrun iru d yhu| orz zdjh1 Ilupv pd| ixo�oo ixwxuh dssuhqwlfhv* sduwlflsd0
wlrq frqvwudlqwv e| vlpso| r�hulqj wkh h{whuqdoo| +ohjdoo|, ghwhuplqhg zdjh
udwh1 Wkhuh lv d vx!flhqw dqg qrqhodvwlf vxsso| ri dssuhqwlfhv dqg xqvnloohg
zrunhuv dydlodeoh wr wkh �up1 Ilupv duh deoh wr ghwhfw zlwkrxw xqfhuwdlqw|
+h1j1 iurp dq lqglylgxdo*v FY,/ zkhwkhu d zrunhu zlwk dqrwkhu �up ru lq
wkh rshq oderxu pdunhw lv vnloohg ru xqvnloohg lq wkh vhqvh wkdw kh grhv qrw
glvsrvh ri wkh lqgxvwu|0vshfl�f vnloo uhtxluhphqwv1 Ilupv dozd|v r�huv vnloohg
zrunhuv wkhlu h{shfwhg wudqvihudeoh pdujlqdo surgxfw1 Xqvnloohg zrunhuv duh
dozd|v r�huhg d plqlpxp zdjh1 Dssuhqwlfhv duh r�huhg wkh r!fldo dssuhq0
wlfhvkls zdjh1 Wkh suredelolw| wkdw d vnloohg zrunhu zloo mrlq wkh �up lv
lghqwlfdo iru srdfkhg zrunhuv ru zrunhuv rq wkh rshq oderxu pdunhw5;1 Wr
prgho wkh pdujlqdo surgxfwv d �up kdv wr fdofxodwh zlwk zh dsso| wkh ydoxh
yhfwru irupxodwlrq lqwurgxfhg e| Vwhyhqv5<1 Wkxv/ wkh h{ srvw h�hfw ri dq|
wudlqlqj fdq eh h{suhvvhg lq whupv ri d ydoxh yhfwru zkrvh jhqhudo irup lv=

� ' E��c �2c � � � c �6c � � � c �� c ��n�c � � � c ����

Wkh frpsohwlrq ri dq dssuhqwlfhvkls dw d jlyhq �up uhvxowv lq d krprjhqrxv
ghjuhh ri wudlqlqj iru dq| dssuhqwlfh ehlqj wudlqhg zlwk wkdw �up1 Wkh

5;Wr lqfoxgh doo uhdvrqv ri ohdylqj/ �suredelolw| ri ohdylqj� lq wklv frqwh{w kdv wr eh

lqwhusuhwhg dv dq| h{whuqdo lqfhqwlyh zklfk prwlydwhv wkh h{0dssuhqwlfh wr ohdyh khu �up
diwhu wudlqlqj1 Lw frpsulvhv gluhfw srdfklqj e| rwkhu �upv/ ohdylqj wkh oderxu irufh exw
dovr wkh suredelolw| wkdw wkh wudlqlqj �up lwvhoi zloo qrw pdnh d frpshwlwlyh zdjh r�hu wr
wkh dssuhqwlfh diwhu khu wudlqlqj1

5<Vhh iru h{dpsoh VWHYHQV +4<<7,1
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w|sh ri dssuhqwlfhvklsv surylghg duh lqgxvwu| vshfl�f1 Lw iroorzv wkdw wkh
qxpehu ri �upv lq wkh pdunhw kdylqj d qrq0udqgrp xwlolw| +lq irup ri dq
h{shfwhg pdujlqdo surgxfw, lv dssur{lpdwho| htxdo wr wkh qxpehu ri �upv
lq wkh lqgxvwu| wkh ghflglqj �up lv lq1 Wudlqlqj h�hfwv zklfk duh ydoxdeoh
wr doo Ilupv lq wkh pdunhw duh vwdqgdugl}hg wr }hur1 Wkh h{shfwhg ydoxh ri
dq dssuhqwlfhvkls wudlqlqj lv htxdo wr doo h{whuqdo �upv +�, zkr fdq pdnh
qrq0udqgrp xvh ri wkdw wudlqlqj/ exw kdv d �up vshfl�f pdun0xs ^@� iru wkh
wudlqlqj �up 4 lwvhoi631 Wkh frqvwdqw wudqvihudeoh hohphqw lq wudlqlqj lv fdoohg
} dqg wkh ghjuhh ri wudqvihudelolw| lv ghwhuplqhg e| wkh qxpehu ri �upv lq wkh
pdunhw iru wklv wudqvihudeoh hohphqw � 1 Qrwh/ wkdw wklv irupxodwlrq lpsolhv
frqvwdqw uhwxuqv wr vfdoh=

.d�@o ' E} n ^@� c }c � � � c }c fc � � � c f�

Wkh h{shfwhg ydoxh ri d zrunhu vnloohg iru d fhuwdlq lqgxvwu| lv lghqwlfdo zlwk
wkh h{ srvw h�hfw ri dq dssuhqwlfhvkls wudlqlqj lq wkdw lqgxvwu|/ exw kdv wkh
vshfl�f pdun xs zlwk wkh �up dfwxdoo| hpsor|lqj wkh zrunhu

.d�ro ' E}c � � � c } n ^r6c � � � c }c fc � � � c f�

Wkh dyhudjh +h{shfwhg ryhudoo, pdujlqdo surgxfw ri dq dssuhqwlfh gxulqj
klv wudlqlqj shulrg lv htxdo wr wkdw ri dq xqvnloohg zrunhu1 Wkh prwlydwlrq
iru wklv dvvxpswlrq lv looxvwudwhg lq �jxuh 71 Wkh vwhhs dvfhqglqj fxuyh
uhsuhvhqwv wkh pdujlqdo surgxfw ri dq dssuhqwlfh gxulqj wudlqlqj1 Kh vwduwv
zlwk d yhu| orz ydoxh kh hqgv xs hvvhqwldoo| dw wkh ydoxh ri d ixoo| wudlqhg
vnloohg zrunhu1 D vxffhvvixoo| srdfkhg zrunhu ehjlqv zlwk klv wudqvihudeoh
ydoxh1 Ehlqj wudlqhg lq �up0vshfl�f kxpdq fdslwdo kh uhdfkhv wkh ohyho ri dq
lq0krxvh ixoo| wudlqhg h{0dssuhqwlfh64

Ilqdoo|/ wkh dfwxdo ydoxh yhfwru ri wkh wzr w|shv lv gh�qhg e| dgglqj �up
vshfl�f vkrfnv1 Wkhvh duh uhsuhvhqwhg e| udqgrp yduldeohv 06/ zklfk duh
lqghshqghqw/ lghqwlfdoo| glvwulexwhg zlwk }hur phdq/ yduldqfh j261 Wkxv/ iru
wkh dssuhqwlfhvkls wudlqlqj wkh h{0srvw ydoxh yhfwru ehfrphv

�@ ' E} n ^@� n 0�c } n 02c � � � c } n 0� c 0�n�c � � � c 0� �

63Wklv fruuhvsrqgv wr vshfl�f kxpdq fdslwdo olnh �nqrzohgjh ri wkh lqqhu flufohv�/ qrq0
vwdqgdug �up whfkqrorj| ru vlpso| wkh idfw ri douhdg| nqrzlqj wkh ixwxuh zrunsodfh diwhu
wkh dssuhqwlfhvkls ^lqwurgxfwlrq frvw`1 D vlplodu exw pxolwsolfdwlyh irupxodwlrq ri wkh ydoxh
ri wudlqlqj wr wkh wudlqlqj �up lv grqh e| IUDQ] VRVNLFH +4<<8,1 Wkh pxowlsolfdwlyh
idvklrq kdv vrph hfrqrplf dsshdo dqg wkh dgglwlyh zd| xvhg khuh lv udwkhu duelwudu|1
Krzhyhu/ wkh| gr qrw prgho wkh wudqvihudelolw| ri wkh jhqhudo ru fhuwl�fdwhg hohphqw ri
wkh wudlqlqj1

64Qrwh/ wkdw wklv lpsolhv wkd dvvxpswlrq wkdw wkh lqfxpehqw �up ghflghv wr wudlq ds0
suhqwlfhv dqg srdfkhg vnloohg zrunhuv wkh vdph ohyho ri �up0vshfl�f lqirupdwlrq1 Krzhyhu/
wklv grhv qrw qhhg wr eh wkh fdvh1
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Iljxuh 7= Pdujlqdo surgxfwv dqg zdjhv ri vnloohg zrunhuv E}n^c �r�/ xqvnloohg
zrunhuv E�� �c ��� dqg dssuhqwlfhv gxulqj wudlqlqj E�� @c �@�1

Dv wkhvh vkrfnv gr sod| dq lpsruwdqw uroh lq wkh surfhhglqj ri wkh sdshu lw
pd| eh zruwk ghhshqlqj wkh glvfxvvlrq d elw rq wkhp1 Prvw fulwlfdo vhhpv
wr eh wkh dvvxpswlrq wkdw wkh| duh lqghshqghqwo| glvwulexwhg1 Dq dujxphqw
iru wklv pd| eh wkh pxowlsolflw| ri wkh lq xhqfh idfwruv ghwhuplqlqj wkh xvh
ri txdol�fdwlrq lq d jlyhq �up1 Wkh| uhvxow iurp vwudwhjlf �up ghflvlrqv
dv zhoo dv whfkqrorj| +surgxfwlylw|,/ vxsso| ru ghpdqg vkrfnv1 Dgglwlrqdoo|
wkhvh vkrfnv lqfrusrudwh wkh h�hfw ri vfuhhqlqj ri dssuhqwlfhv gxulqj wudlqlqj1
Zlwk wkh dvvxpswlrq wkdw wkh lqglylgxdo delolwlhv ri wudlqhhv dw d �up kdyh
d qrq0ghjhqhudwh glvwulexwlrq zlwk dq h{shfwhg ydoxh ri }hur/ wkh ghwhfwlrq
ri d yhu| *xqdeoh* dssuhqwlfh zrxog uhvxow lq d vwurqj qhjdwlyh vkrfn rq wkh
ydoxh +pdujlqdo surgxfw, kh kdv iru wkh wudlqlqj �up1 Lq frpelqdwlrq zlwk
wkh *frqglwlrq wr vwd|*/ wr eh glvfxvvhg lq wkh qh{w vhfwlrq/ vxfk qhjdwlyh
vkrfnv pd| uhvxow lq zdjh r�huv e| wkh wudlqlqj �urp dw wlph � zklfk duh
lq h�hfw wrr orz wr pdwfk wkh zrunhu*v rxwvlgh rssruwxqlw|1 Wklv zrxog eh
htxlydohqw wr od| r� wkh zrunhu diwhu wudlqlqj/ ru wr *ohw klp eh srdfkhg
lqwhqwlrqdoo|* e| dqrwkhu �up1 Ilqdoo|/ wkhvh vkrfnv gr uhsuhvhqw vlpso| d
idfwru ri lqfhuwlwxgh dv zhoo dv sursulhwdu| lqirupdwlrq ri wkh zrunhu2 h{0
dssuhqwlfh idflqj mre r�huv ri wkh uhvshfwlyh �up651 Zlwk uhjdugv wr vnloohg

65Wkxv/ lw fdswxuhv xqrevhuyhg yduldwlrq lq wdvwhv zlwk uhjdugv wr wkh dwwulexwhv ri
dowhuqdwlyhv/ huuruv lq wkh shufhswlrq dqg rswlpl}dwlrq e| wkh h{0dssuhqwlfh1
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zrunhuv wkh| irupdol}h wlph vshfl�f fkdqjhv lq wkh pdujlqdo surgxfwv ri
vnloohg zrunhuv zlwk d jlyhq �up1

516 Krz wr Sod|

Lq wklv vhfwlrq wkh uxohv duh gh�qhg zklfk d �up kdv wr iroorz lq rughu wr
pdnh vxffhvvixo pryhv lq wkh uhohydqw oderxu pdunhwv1

51614 Kroglqj dssuhqwlfhv

Uhfdoo wkdw wkh dxfwlrq surfhvv dw wlph � zklfk ghwhuplqhv wkh ixwxuh zdjh
ri dq h{0dssuhqwlfh pd| eh lqwhusuhwhg dv d vlpxowdqhrxv pryh jdph1 Doo
sod|huv +�upv, pryh rqo| rqfh dqg dw wkh vdph wlph e| jlylqj wkhlu zdjh
r�hu1 Wkh h{0dssuhqwlfh zloo zrun iru wkh �up zklfk r�huv klp wkh kljkhvw
frpshqvdwlrq/ l1h1 wr zklfk klv wudlqlqj kdv wkh kljkhvw ydoxh1 Ohw S eh wkh
+shfxqldu| dqg qrq0shfxqldu|, qrq0rffxsdwlrqdo rssruwxqlw| frvwv ri prelo0
lw| wkdw dulvh lq fdvh dq lqglylgxdo fkdqjhv hpsor|huv1 Lw pd| eh lqwhusuhwhg
dv wkh prqh| ydoxh ri wkh lqglylgxdo*v vxemhfwlyh glvwxwlolw| dv zhoo dv v|v0
whpdwlfdoo| dulvlqj srdfklqj frvwv iru wkh srdfklqj �up1 Wkh *frqglwlrq wr
vwd|*/ l1h1 wkh vx!flhqw lqfhqwlyh wr vwd| zlwk wkh �up diwhu wudlqlqj/ wkhq lv
iru dq h{0dssuhqwlfh=

�W
-� ��

� n S ' E�� w@���� n S ' E�� w@��E} n ^@� n 0�� � n S1 +7,

f 	 w@� 	 �c } c ^@� :: f

Zkhuh �W lv wr lqwhusuhwhg dv d wkh ydoxh ri wkh *rxwvlgh rssruwxqlw|*
wkdw lv r�huhg wr wkh zrunhu1 Lw pd| frqvlvw ri dq h{whuqdo zdjh r�hu/ l1h1
�W ' ��

6/ exw dovr dq lqgluhfw xwlolw| ydoxh kh pljkw kdyh iurp ohdylqj wkh
oderxu irufh ru iurp ehlqj xqhpsor|hg1 Uhfdoo wkdw wkh wudlqlqj �up pd|
ghflgh wr r�hu d zdjh wrr orz wr phhw wkh rxwvlgh rssruwxqlw| xwlolw| ehfdxvh
ri edg vfuhhqlqj uhvxowv1 Wklv lv htxlydohqw wr od|lqj r� wkh zrunhu1 �� lv
wkh pdujlqdo surgxfw wkh h{0dssuhqwlfh zloo surgxfh zlwk wkh wudlqlqj �up �
diwhu wudlqlqj dqg E��w@�� lv wkh vkduh wkh wudlqlqj �up zloo eh deoh wr uhwdlq
iurp wkh h{0dssuhqwlfh*v pdujlqdo surgxfw1 Dv �upv zloo d sulrul wu| wr r�hu
wkh kljkhvw srvvleoh zdjh wklv wudqvirupv wr

�6
-� �� n S

/ } n 06�

-� } n ^@� n 0�� n S

/ 06� � 0��
-� ^@� n S
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ru/ iru d qrq0lqgxvwu| �up

06� � 0��
-� } n ^@� n S

51615 Srdfklqj Vnloohg zrunhuv

Vlplodu uhdvrqlqj dssolhv wr wkh srdfklqj ri vnloohg zrunhuv dw wlph |1 Wkh
srdfklqj �up zloo kdyh wr r�vhw wkh zrunhuv* prelolw| frvwv dv zhoo dv wkh
hpsor|lqj �up*v rzq frqfxuulqj zdjh r�hu1 Rq wkh rwkhu kdqg/ dv wkh
srdfklqj �up grhv qrw ydoxh wkh �up vshfl�f vnloov ri wkh zrunhu wr eh
srdfkhg/ lw pd| udwlrqdoo| rqo| r�hu klp wkh h{shfwhg pdujlqdo surgxfw1
Zlwk �upv lq wkh vdph lqgxvwu| wklv lv htxlydohqw wr wkh wudqvihudeoh hohphqw
ri wkh vnloohg zrunhu*v wudlqlqj/ }/ dv zhoo dv wkh udqgrp ydoxh wkh �up kdv
iru zrunhuv ri wklv w|sh dw wlph |�

�W n S
-� �7

� ' } n 0�|1 +8,

51616 Frqvwuxfwlqj Eholhiv

Wr irupdol}h wkh suredelolw| wkdw d zrunhu +h{0dssuhqwlfh ru vnloohg zrunhu,
zloo dffhsw d zdjh r�hu zh dsso| wkh surshuw| ri klv lqgluhfw xwlolw| ixqfwlrq
wr eh vwulfwo| lqfuhdvlqj lq �1 Wkxv/ d zrunhu iroorzv dq xwlolw| pd{lplvdwlrq
e| dffhswlqj wkh kljkhvw zdjh r�hu dydlodeoh wr khu lq wkh pdunhw661

Suredelolw| ri Kroglqj dq H{0Dssuhqwlfh Wr ghwhuplqh wklv sured0
elolw| iru dq h{0dssuhqwlfh zh qrwlfh wkdw dw srlqw � dq h{0dssuhqwlfh zloo
uhfhlyh wkh iroorzlqj r�hu yhfwru3
C } n @n 0� iurp lw*v iruphu wudlqlqj �up

} n 06 � S iurp dq| ri wkh uhpdlqlqj � � � �upv lq wkh lqgxvwu|
0? � S iurp dq| ri wkh uhpdlqlqj � �� �upv lq wkh pdunhw

4
D

Wkh frqglwlrq ri wkh h{0dssuhqwlfh wr vwd| zlwk klv wudlqlqj �up lv wkhq

�d�� : �2 � Sc �� : �� � Sc � � � c �� : �� � So

ru htxlydohqwo|
�� n S ' �4@ 1 +9,

Dv lw kdv d sulrul qr lqirupdwlrq derxw wkh �up vshfl�f vkrfnv lq jhqhudo
wkh txhvwlrq iru wkh wudlqlqj �up lv wr jhw d uhdvrqdeoh frqfhsw ri wkh �up

66Iru d surri vhh dsshqgl{ D151
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vshfl�f vkrfnv* glvwulexwlrq1 Lq vhfwlrq 514 lw zdv dujxhg wkdw wkh sod|huv xvh
Ed|hv* uxoh wr ghwhuplqh wkh suredelolw| wkdw wkh jdph kdv uhdfkhg d fhuwdlq
ghflvlrq qrgh1 Uhfdoo wkdw kdylqj sod|hg wkh vwudwhj| j�, dw wkh odvw lwhudwlrq/
wkh suredelolw| wkdw wkh �up zloo �qg lwvhoi dw qrgh %, G *wkh dssuhqwlfh zloo
dffhsw wkh zdjh r�hu diwhu wudlqlqj*/ zklfk lv htxlydohqw wr +9, wr eh ydolg/
wkhq fdq eh h{suhvvhg dv

� E%, m U,c j�,� ' � E%, m j�,�S
%�

,
MU,

� E%�, m j�,�
+:,

Rqh lpsolfdwlrq ri wklv h{suhvvlrq lv wkh srvvlelolw| wr h{suhvv wkh Rgg*v
udwlr ri wkh suredelolwlhv wr hqg dw d ghflvlrq qrgh e| fkrrvlqj d vwudwhj|
iurp d jlyhq lqirupdwlrq vhw dv

� E%, m U,c j�,�
� E%�, m U,c j�,�

'
� E%, m j�,�
� E%�, m j�,�

1 +;,

Zlwk %�, dv wkh srvvleoh dowhuqdwlyh qrghv iroorzlqj j�,/ zklfk duh wkh
uhvxow iurp +9, qrw wr eh ydolg1 Wklv udwlr lv d xvhixo phdvxuh ri d �up*
v xqfhuwdlqw| derxw wkh rxwfrph ri d vwudwhj| j�,1 Xvlqj wkh suredelolw|
h{suhvvlrq lq +:, zh pd| prgho wkh �upv* eholhiv ri wkh uhodwlyh rxwfrphv ri
d vwudwhj| dv lqghshqghqw ri wkh lqirupdwlrq vhw wkh �up pd| kdyh dw dq|
lwhudwlrq ri d jdph sod|hg dw |1 Wklv xvhixo surshuw| pd| eh uhwdlqhg li zh
dvvxph dq l1l1g1 h{srqhqwldo/ orjlvwlf ru qrupdo glvwulexwlrq zlwk .d0�o ' f
iru wkh �up vshfl�f huuru whupv lq +BB,1 Wkxv/ wkh h{suhvvlrq lq +9, zloo
eh h{wuhph ydoxh glvwulexwhg ri w|sh rqh671 Xvlqj wkh ydoxh yhfwru +BB, zh
rewdlq wkh iroorzlqj h{suhvvlrq iru wkh suredelolw| wkdw d wudlqlqj �up pd|
uhwdlq dq dssuhqwlfh diwhu wudlqlqj=

� E�� ' �4@ m j@� ' i TE} n ^@� n S�

i TE} n ^@� n S� n E� � �� i TE}� n E� ���
+<,

Wr vhh wkh uhodwlrq wr +;, qrwh wkdw wkh rggv udwlr ri wkh wudlqlqj �up
dqg d �up zklfk kdv d vwuxfwxudo xvh iru wkh h{0dssuhqwlfh*v txdol�fdwlrqv lv
gh�qhg dv

� E�� ' �4@ m j�,�
� E�6 ' �4@ m j�,� '

i TE} n ^@� n S�

i TE}�
1

Wkdw lv/ wkh udwlr ri wkh suredelolw| wkdw wkh wudlqlqj �up zloo eh deoh
wr uhwdlq wkh dssuhqwlfh diwhu wudlqlqj zlwk uhvshfw wr wkh suredelolw| wkdw lw

67Iru d ghulydwlrq ri wklv uhvxow vhh dsshqgl{ D161
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zloo orrvh lw wr dqrwkhu �up lq wkh lqgxvwu| lv lqghshqghqw ri wkh ydoxh wkh
dssuhqwlfh kdv iru dq| rwkhu �up lq wkh pdunhw1 Wdnlqj orjv |lhogv

*L}

�
� E�� ' �4@ m j�,�
� E�6 ' �4@ m j�,�

�
' ^@� n S1

Wklv pd| eh lqwhusuhwhg dv wkh udwh dw zklfk wkh wudlqlqj �up pd| eh
deoh wr lqfuhdvh lw*v uhodwlyh suredelolw| zlwk uhjdugv wr dqrwkhu �up lq wkh
lqgxvwu|1 Lw lv htxdo wr dprxqw ri vshfl�f wudlqlqj lw jlyhv wr wkh dssuhqwlfh
soxv wkh dssuhqwlfh*v prelolw| frvwv1 Wkh uhvshfwlyh udwh zlwk uhjdugv wr d
�up zklfk kdv rqo| d udqgrp ydoxh iru wkh dssuhqwlfh lv

*L}

�
� E�� ' �4@ m j�,�
� E�? ' �4@ m j�,�

�
' } n ^@� n S1

Wklv udwh lv vkliwhg e| wkh qrq0udqgrp ydoxh dq dssuhqwlfh kdv iru wkh
wudlqlqj �up1

Suredelolw| ri Vxffhvvixoo| Srdfklqj d Vnloohg Zrunhu Dqdorjrxvo|/
zh pd| ghwhuplqh wkh suredelolw| wkdw d �up zloo vxffhvixoo| srdfk d vnloohg
zrunhu iurp dqrwkhu �up dv

� E�� ' �4@ m j7� ' i TE}�

i TE} n ^r6 n S� n E� � �� i TE}� n E� ���
1 +43,

Iurp wklv h{suhvvlrq lw lv fohdu wkdw wkh srdfklqj �up kdv wr r�vhw wkh
vshfl�f ydoxh wkh vnloohg zrunhu kdv iru klv dfwxdo hpsor|lqj �up/ ^r� / soxv
wkh frvw kh lqfxuv/ lq fdvh kh vzlwfkhv �upv1 Wklv qrwlrq lv htxlydohqw wr wkh
srdfklqj frqglwlrq lq +8, iru vnloohg zrunhuv1

51617 H{shfwhg Edujdlqlqj Srzhuv

Lq fdvh wkh wudlqlqj �up fdq pdnh wkh kljkhvw elg lwv vkduh iurp wkh h{0
dssuhqwlfh*v pdujlqdo surgxfw lv h{ srvw=

w@� '
�� � �6�

��
m �� ' �4@ c �6� � S ' �tiU J?_

'
} n ^@� n 0� � } � 06� n S

��

'
Sn ^@� n 0� � 06�

} n ^@� n 0�
+44,

Lw udlvhv zlwk lqfuhdvlqj prelolw| frvwv ri wkh zrunhu dqg ghfuhdvhv wkh
kljkhu wkh kljkhvw dowhuqdwlyh zdjh r�hu lv1 Dw wkh wlph ri wkh wudlqlqj
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ghflvlrq/ krzhyhu/ wkh �up zloo kdyh wr uho| xsrq dq h{shfwhg ydoxh ri w@�1
Uhfrjql}lqj wkdw rq dyhudjh wkh h{whuqdo �upv* vshfl�f vkrfnv duh }hur/ +44,
ehfrphv

.dw@�o ' w
@

� '
�� � .d�6�o

��
m �� ' �4@ c �6� � S ' �tiU J?_

'
} n ^@� n 0� � } n S

��

'
Sn ^@� n 0�

��
+45,

Wkh gl�huhqfh ehwzhhq +44, dqg +45, dulvhv gxulqj wkh dxfwlrq surfhvv
dqg lv qrw suhglfwdeoh iru wkh wudlqlqj �up dw wkh wlph lw ghflghv xsrq lwv
r�huv lwv jlyhq lqirupdwlrqdo vwdwh1 Wkh lqfxpehqw �up zloo ghwhuplqh lwv
wudlqlqj ghflvlrq xsrq wkh h{shfwhg zdjh r�hu wr h{0dssuhqwlfhv

�@
� ' E�� w

@

����

'

�
�� Sn ^@� n 0�

��

�
�� +46,

' } � S

Wklv phdqv wkdw wkh h{0dssuhqwlfh zloo eh h�hfwlyho| r�huhg klv wudqvihu0
deoh ydoxh ri wudlqlqj plqxv klv prelolw| frvwv1 Vlplodu uhdvrqlqj ohdg wkh
zdjh r�hu wr vnloohg zrunhuv wr eh vlpso|

�@
� ' }

Dqg wkh �up*v h{shfwhg vkduh diwhu klulqj wkhp wr eh

w
r

� '
^r� n 0�

��
+47,

Frpsdulqj +45, dqg +47, vkrzv dq lqwhuhvwlqj ihdwxuh1 Ilupv zloo dsulrul
eh deoh wr uhwdlq d kljkhu vkduh iurp wkh pdujlqdo surgxfw ri h{0dssuhqwlfhv
wkdq wkdw ri vnloohg zrunhuv dv wkh| gr qrw kdyh wkh h{0dssuhqwlfhv wr sd|
iru wkhlu prelolw| frvwv1

517 Wkh Ilup*v Ghflvlrq

Iurp wkh lqwurgxfwru| glvfxvvlrq zh nqrz wkdw �upv pd| eh zloolqj wr sd|
iru wkh wudlqlqj ri dssuhqwlfhv rxw ri wzr uhdvrqv=

d, Dssuhqwlfhv |lhog dq h{shfwhg ydoxh zklfk lv zhoo deryh }hur/ hyhq iru
wkh wudqvihudeoh hohphqwv ri wkhlu vnloov1 Wklv uhvxowv iurp wkh olplwhg wudqv0
ihudelolw| ri wkh jhqhudo sduw ri wkhlu wudlqlqj +e| d olplwhg qxpehu ri �upv
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ydoxlqj lw,/ dv zhoo dv wkhlu prelolw| frvwv dqg wkh wudlqlqj �upv dgydqwdjh
lq wkh elgglqj iru wkh dssuhqwlfh wr vwd| wkurxjk wkh vshfl�f hohophqw wkh|
lqfxghg lq wkh wudlqlqj1

e, Dssuhqwlfhv pd| eh fkhdshu wkdq xqvnloohg zrunhuv1 Zkhuhdv xqvnloohg
zrunhuv rewdlq d sulrul xqolplwhg frqwudfwv/ dqg �upv kdyh wr sd| vhyhudqfh
sd|phqwv lq fdvh wkh| od| wkhp r�/ wkh frqwudfwv zlwk dssuhqwlfhv du d sulrul
wlph0olplwhg1 Wkxv/ wkh| surylgh �upv zkr kdyh ydoxh iru orz vnloohg zrun
zlwk d  h{leoh wrro wr dgdsw iru ghpdqg vlgh vkrfnv1

Wr ghwhuplqh wkh �upv* ghflvlrq/ zh uhfxu wr wkh rswlpdolw| frqglwlrq
+5,1 Dv wkh jdph frqvlvwv ri qrwklqj pruh wkdq d vhtxhqwldo frpsdulvlrq
ri wkh pdujlqdo frqwulexwlrqv wkh gl�huhqw w|shv ri zrunhuv |lhog iru wkh �u0
p*v xwlolw| zklfk pd| eh lqwhusuhwhg dv frpsdulqj wkh uhvshfwlyh +h{shfwhg,
pdujlqdo surgxfwv1 Wkxv d �up ghwhuplqhv wkh rswlpdo dprxqw ri zrunhuv
wr eh hpsor|hg iroorzlqj wkdw ghflvlrq uxoh1 Wr jlyh  hvk wr wkhvh pdujlqdo
xwlolwlhv +pdujlqdo surgxfwv dv wkh �upv duh ulvn qhxwudo, zh lqwurgxfh wkh
iroorzlqj jhqhudo sur�w ixqfwlrq=

CE?c^� '
�
E�E?@c ^@��k ELE?����3k

�q
E7E?rc ^r���3q +48,

zlwk f 	 k 	 � dqg f 	 q 	 �

�E� dv wkh qhw surgxfw ixqfwlrq +surgxfwlrq ydoxh plqxv yduldeoh dqg
�{hg frvwv, iru d qxpehu ri qhzo| kluhg dssuhqwlfhv ?@1 LE� dqg 7E� duh
wkh uhvshfwlyh qhw surgxfw ixqfwlrqv iru qxpehuv ri qhzo| kluhg xqvnloohg
zrunhuv ?� dqg vnloohg zrunhuv ?r1 q lv wkh vxevwlwxwlrqdo hodvwlflw| ehwzhhq
vnloohg dqg xqvnloohg oderxu dqg k lv wkh vxevwlwxwlrqdo hodvwlflw| ehwzhhq wkh
wzr jurxsv ri xqvnloohg zrunhuv1 Xvlqj wkh frqvwdqw uhwxuqv wr vfdoh68

dvvxpswlrq zlwk uhvshfw wr wkh gl�huhqw zrunhu jurxsv/ zh pd| prgho wkh
qhw surgxfw ixqfwlrqv xvlqj wkh iroorzlqj olqhdu irupv=

� Xqvnloohg zrunhuv duh vlpso| dvvxphg wr |lhog frqyh{ frvw ixqfwlrqv/
�E?��/ zlwk uhjdugv wr wkh qxpehu ri zrunhuv hpsor|hg

LE?�� ' ?��� � � �E?�� +49,

� Dssuhqwlfhv duh dvvxphg wr kdyh wkh vdph pdujlqdo surgxfw dv xq0
vnloohg zrunhuv lq wkhlu wudlqlqj skdvh1 Diwhu wkhlu wudlqlqj skdvh wkh|

68Wklv pd| eh prwlydwhg e| wkh idfw wkdw xvxdoo| wkh qxpehu ri qhzo| kluhg shrsoh lq
d �up lv uhodwlyho| olwwoh lq frpsdulvrq zlwk wkh ryhudoo qxpehu ri hpsor|hv1 Vr lw pd| eh
uhdvrqdeoh wkdw dw wkh wlph ri wkh klulqj/ iru wklv uhodwlyho| vpdoo qxpehu ri zrunhuv wkh
�up dvvxphgv �{hg pdujlqdo surgxfwv1
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kdyh wkh ixoo surgxfwlrq ydoxh ri d vnloohg zrunhu lqwurgxfhg wr wkh
�upv whfkqrorj| �� ' } n ^@� n 0�� plqxv wkh zdjh wkh �up kdv wr sd|
iru klp1 Wkh h{shfwhg vkduh wkh �up pd| nhhs iurp khu surgxfwlrq
ydoxh/ +45,/ lv ghqrwhg e| w

@

�1 Wkh suredelolw| wkdw wkh �up zloo eh deoh
wr krog wkh dssuhqwlfh diwhu wudlqlqj lv ghqrwhg e| Z@1

�E?�c @�� ' ?@
k
oZ@w

@

���
l
n�� � � �E^@c ?@� +4:,

Zh dvvxph �E^@� c ?
@� wr eh frqyh{ lq ^@� dqg ?@1 Lw uhsuhvhqwv wkh

dssuhqwlfh*v wudlqlqj frvwv dqg ghshqgv rq wkh ohyho ri �up0vshfl�w|
wkdw lv lqfoxghg lq wkh dssuhqwlfhvkls wudlqlqj dv zhoo dv wkh qxpehu ri
dssuhqwlfhvklsv r�huhg1

� Qhzo| kluhg vnloohg zrunhuv |lhog wkh ixoo surgxfwlrq ydoxh 0 lq fdvh wkh
�up lv deoh wr srdfk wkhp1 Wklv suredelolw| lv ghqrwhg e| Zr1 Dv wkh|
ruljlqdoo| kdyh qr �up vshfl�f nqrzohgjh wkh| kdyh wr jhw vrph lqlwldo
wudlqlqj zklfk frvwv d pdujlqdo idfwru P

�

^7
�

ghshqglqj rq wkh dprxqw ri
�up vshfl�flw| wkdw wkh �up ghflghv wr lqfoxgh lq wkh zrunhu*v wudlqlqj1
Vr/ PE?rc ^r�� lv dvvxphg wr eh frqyh{ lq ^7� dqg ?r dqg uhsuhvhqwv wkh
wudlqlqj frvwv dv zhoo dv qrq0zdjh zrunhu frvwv olnh h{shfwhg klulqj
dqg 2 ru vhshudwlrq frvwv1 Qrwh wkdw/ frqwudu| wr wkh wudlqlqj frvwv
zlwk dssuhqwlfhv/ wkh �up lqfxuv wkhvh frvwv rqo| lq fdvh lw vxffhvixoo|
srdfkhv d zrunhu1 Zlwk Zr ehlqj wkh suredelolw| wkdw d �up vxffhvvixoo|
srdfkhv d vnloohg wkh h{shfwhg qhw pdujlqdo surgxfw lw uhfhlyhv iurp
wklv r�hu zulwhv dv

7E?rc ^r�� ' Zr
k
?rw

r

��� �PE?rc ^r��
l

+4;,

Wr fohdu xs whupv zh ehjlq e| vxevwlwxwlqj w
@

� lq +4:, zlwk +45, dqg w
r

� lq
+47, zlwk +4;, vr zh jhw

�E?@c ^@�� ' ?@
�
oZ@

Sn ^@� n 0�
��

��

�
n�� � � �E^@� c ?

@�

' ?@doZ@ESn ^@� n 0��o n�� � � �E^@� c ?
@�

dqg

7E?rc ^r�� ' Zr

�
?r

^r� n 0�
��

�� � PE?rc ^r��

�
' Zr d?

rE^r� n 0��� PE?rc ^r��o 1
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Ehfdxvh ri k dqg q wkh �up*v remhfwlyh ixqfwlrq lv vwulfwo| frqfdyh1 Vlqfh
wkh orjdulwkp lv d prqrwrqlf ixqfwlrq/ wkh ydoxhv wkdw pd{lpl}h CE?c @� duh
wkh vdph dv wkrvh wkdw pd{lpl}h *?CE?c^�1

*?CE?c^� ' kq *?�E?@c ^@�� n E�� k�q *?LE?�� n E�� q� *?7E?rc ^r��

Wkh rswlpl}dwlrq sureohp ri wkh �up wkhq lv

4@ 
? c ^

*?CE?c^� ' kq *?�E?@c ^@�� n E�� k�q *?LE?�� +4<,

nE�� q� *?7E?7 c ^7� � +53,

v1w1 ? � f

^ � f

Qrwlfh wkdw wkh ydoxh yhfwruv iru h{0dssuhqwlfhv dqg iru vnloohg zrunhuv
uhdolvh wkhlu �up0vshfl�f vkrfn frpsrqhqwv dw gl�huhqw wlph lqvwdqfhv +|
iru xqvnloohg zrunhuv/ � iru h{0dssuhqwlfhv,1 Dv wklv grhv qrw fkdqjh wkh
dujxphqwdwlrq/ krzhyhu/ wkh wlph0vxevfulswv duh rplwwhg1 Dv wkh �up lv
sulfh wdnhu zlwk uhjdugv wr wkh dssuhqwlfh*v wudlqlqj frpshqvdwlrq dv zhoo dv
wr wkh xqvnloohg zdjh wkhlu sduwlflsdwlrq frqvwudlqwv pd| eh dvvxphg wr eh
phw1 Vr/ wkh IRF ehfrph69

Y *?CE?c^�
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-
' f +54,

69Wr gl�huhqwldwh wkh suredelolwlhv qrwlfh wkdw iurp +<, dqg +43,

�d @
h{s+j . td4 . f,

h{s+j . td4 . f, . +P � 4, h{s+j, . +Q �P,

zlwk lwv ghulydwlrq zlwk uhsvhfw wr d/ xvlqj ^===` @ h{s+j . td4 . f, . +P � 4, h{s+j, .
+Q �P,=

�3D @
h{s+j . td4 . f,^===`� h{s+5+j . td4 . f,,

^===`5
@ �d � +�d,

5

dqg

�v @
h{s+j,

h{s+j . tvp . f, . +P � 4, h{s+j, . +Q �P,

zlwk wkh ghulydwlyh zlwk uhvshfw wr tv4=

�3V @ 3
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' f +55,
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' f +57,

Y *?CE?c^�
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' f +58,

Wkh VRF iru doo w|shv duh jlyhq e| wkh sulqflsdo plqruv ri wkh Khvvldq6:=3
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FFFFFFFFD

E| xvlqj wkh Iluvw Rughu Frqglwlrqv deryh zh pd| ghulyh wkh iroorzlqj

uhodwlrqvklsv= Iluvw qrwlfh wkdw

oZ@ESn ^@� n 0�� ' � �

?@ � � �

?� ' {� +59,

Wkdw lv/ wkh gl�huhqwldo ehwzhhq wkh shu zrunhu h{shqvhv ri dssuhqwlfhv
dqg xqvnloohg zrunhuv lv htxdo wr wkh glvfrxqwhg diwhu0wudlqlqj0lqfrph wkh
�up h{shfwv iurp wudlqlqj dq dssuhqwlfh1 Zh ghqrwh lw e| {1 Lqvhuwlqj
wklv lq frqglwlrq +56, zh pd| ghulyh wkh rswlpdo qxpehu ri dssuhqwlfhvklsv
r�huhg1

?@ '
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doZ@ n{E�� Z@�o

6:Dv e| gh�qlwlrq F 33

td
4
td
4

A 3/ zlwk +59, wkh VRF iru d joredo rswlpxp duh phw lq fdvh
wkdw

u5+�d � �5
d, ? +4� �d,

5�

u5�d ? +4� �d,�

u5�d
+4� �d,

? �
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Wr ghwhuplqh wkh uhodwlyh lq xhqfh idfwruv zh xvh wkh gh�qlwlrq ri Z� lq
+<, wr jhw

?@ '
� �

^@
�

dE� � �� n E� ��� i TE�}� n i TE^@� n S�o

dEE� � �� n E� ��� i TE�}��{ n i TE^@� n S�oo
+5:,

Iurp +6, iroorzv d frqglwlrq wkdw ?@ lv srvlwlyh
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: f

zklfk uhfrpphqgv d vrpsoh wrelw dqdo|vlv iru hvwlpdwlrq111
Ilqdoo| zlwk +58, zh jhw
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6 Suhglfwlrqv ri wkh Prgho

Wkh iroorzlqj wdeohv vxppdul}hv wkh suhglfwlrqv ri wkh prgho ri wkh uhvshf0
wlyh lq xhqfh idfwruv rq wkh rswlpdo qxpehu ri dssuhqwlfhv dv zhoo dv wkh
dssuhqwlfh2hpsor|hh udwlr6;=

{ ' f { : f { 	 f
Iluvw Ghulydwlyh
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�
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6;Iru wkhlu ghulydwlrq vhh dsshqgl{ D141
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Uhihuhqfhv
^4` DFHPRJOX/ G1 +4<<:,/ *Wudlqlqj dqg Lqqrydwlrq lq dq Lpshuihfw Od0

eru Pdunhw*/ Uhylhz ri Hfrqrplf Vwxglhv/ yro1 97/ 77807971

^5` DFHPRJOX/ G1/ SLVFKNH/ M10V1 +4<<<,/ *Eh|rqg Ehfnhu = Wudlqlqj
lq Lpshuihfw Oderxu Pdunhwv*/ Wkh Hfrqrplf Mrxuqdo/ yro1 43</ I445 0
I4751

^6` DFHPRJOX/ G1/ SLVFKNH/ M10V1 +4<<;d,/ *Zk| gr �upv wudlq B Wkh0
ru| dqg Hylghqfh*/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ yro1 446/ :< 0 44<1

^7` DFHPRJOX/ G1/ SLVFKNH/ M10V1 +4<<;e,/ *Wkh Vwuxfwxuh ri Zdjhv
dqg Lqyhvwphqw lq Jhqhudo Wudlqlqj*/ QEHU Zrunlqj Sdshu Qr1 968:>
Iruwkfrplqj Mrxuqdo ri Srolwlfdo Hfrqrp|/ Mxqh4<<<1

^8` DFHPRJOX/ G1 / SLVFKNH/ M10V1 +4<<;f,/ *Plqlpxp Zdjhv dqg Rq0
Wkh0Mre Wudlqlqj*/ PLW dqg Sulqfhwrq Xqlyhuvlw| = plphrjudskhg1

^9` EDUGHOHEHQ/ U1 Y1/ EHLFKW/ X1/ IHKHU/ N1 +4<<8,/ *Ehwulheolfkh
Nrvwhq xqg Qxw}hq ghu Dxvelogxqj1 Uhsuçvhqwdwlyh Hujheqlvvh dxv Lq0
gxvwulh/ Kdqgho xqg Kdqgzhun*/ Ehulfkwh }xu ehux lfkhq Elogxqj/ Khiw
4;:1 Elhohihog = Ehuwhovpdqq1

^:` EHFNHU/ J1V1 +4<97,/ Kxpdq Fdslwdo/ Fklfdjr/ Qhz \run = Wkh Xql0
yhuvlw| ri Fklfdjr Suhvv/ 6ug hg1

^;` ELVKRS/ M1K1 +4<<9,/ *Zkdw Zh nqrz Derxw Hpsor|hu0Surylghg Wudlq0
lqj = D Uhylhz ri wkh Olwhudwxuh*/ Fruqhoo Xqlyhuvlw|/ Fhqwhu iru Dg0
ydqfhg Kxpdq Uhvvrxufhv Vwxglhv = Zrunlqj Sdshu <903<1

^<` FKDQJ/ F1/ ZDQJ/ \1 +4<<9,/ *Kxpdq Fdslwdo Lqyhvwphqw xqghu
Dv|pphwulf Lqirupdwlrq= Wkh Sljryldq Frqmhfwxuh Uhylvlwhg*/ Mrxuqdo
ri Oderxu Hfrqrplfv/ yro1 47/ 838084<1

^43` FKLDQJ/ D1F1 +4<;7,/ Ixqgdphqwdo Phwkrgv ri Pdwkhpdwlfdo Hfr0
qrplfv/ Vlqjdsruh= PfJudz0Kloo Errn Fr1

^44` GLDPRQG/ S1 +4<;5,/ *Zdjh Ghwhuplqdwlrq dqg H!flhqf| lq Vhdufk
Htxloleulxp*/ Uhylhz ri Hfrqrplf Vwxglhv/ yro1 7</ 54: 0 55:1

^45` HOOZRRG/ G1W1 +4<;5, *Whhqdjh Xqhpsor|phqw= Shupdqhqw Vfduv ru
Whpsrudu| EohplvkhvB*1 Lq= IUHHPDQ/ U1E1/ ZLVH/ G1D1 +hgv1,/ Wkh
\rxwk Oderu Pdunhw Sureohp = Lwv Qdwxuh/ Fdxvhv dqg Frqvhtxhqfhv1
Fklfdjr = Wkh Xqlyhuvlw| ri Fklfdjr Suhvv1

5;



^46` IUDQ]/ Z1/ LQNPDQQ/ M1/ SRKOPHLHU/ Z1/ ]LPPHUPDQQ/ Y1
+4<<:,1 *\rxqj dqg Rxw lq Jhupdq| = Rq wkh Fdxvhv dqg Frqvhtxhqfhv
ri \rxqj Rxwvlghuv rq wkh Jhupdq Oderu Pdunhw*1 QEHU 0 Glvfxvvlrq
Sdshu/ qu1 95451

^47` IUDQ]/ Z1/ VRVNLFH/ G1 +4<<8,/ *Wkh Jhupdq Dssuhqwlfhvkls V|v0
whp*1 Lq= EXWWOHU/ I1/ IUDQ]/ Z1/ VFKHWWNDW/ U1/ VRVNLFH/
G1 +Kuvj1,/ Lqvwlwxwlrqdo Iudphzrunv Dqg Oderu Pdunhw Shuirupdqfh1
Frpsdudwlyh Ylhzv rq wkh Jhupdq dqg X1V1 Hfrqrplhv1 Orqgrq2Qhz
\run = Urxwohgjh/ 53; 0 5671

^48` IXGHQEHUJ/ G1/ WLUROH/ M1 +4<<9,/ Jdph Wkhru|/ Fdpeulgjh
Pdvv1= Wkh PLW Suhvv1

^49` IXGHQEHUJ/ G1/ WLUROH/ M1 +4<<4,/ *Shuihfw Ed|hvldq dqg Vhtxhq0
wldo Htxloleulxp*/ Mrxuqdo ri Hfrqrplf Wkhru|/ yro1 86/ 569 0 5931

^4:` KDUKRII/ G1/ NDQH/ Wk1 +4<<:,/ *Lv wkh Jhupdq Dssuhqwlfhvkls V|v0
whp d Sdqdfhd iru wkh X1V1 Oderu Pdunhw B* / Mrxuqdo ri Srsxodwlrq
Hfrqrplfv/ yro1 43/ 4<: 0 54:1

^4;` KDUKRII/ G1/ NDQH/ Wk1 M1 +4<<6,/ *Ilqdqflqj Dssuhqwlfhvkls Wudlq0
lqj= Hylghqfh iurp Jhupdq|*/ Zrunlqj Sdshu Qr1 788:/ QEHU/ Fdp0
eulgjh= Pdvv1

^4<` KDVKLPRWR/ P1 +4<;5,/ *Plqlpxp Zdjh H�hfwv ri Wudlqlqj rq wkh
Mre*/ Dphulfdq Hfrqrplf Uhylhz/ yro1 :5/ 43:3 0 43;:1

^53` KDVKLPRWR/ P1 +4<;4,/ *Ilup0Vshfl�f Kxpdq Fdslwdo dv d Vkduhg
Lqyhvwphqw*/ Dphulfdq Hfrqrplf Uhylhz/ yro1 :4+6,/ 7:8 0 7;51

^54` LQNPDQQ/ M1/ NORW]/ V1/ SRKOPHLHU/ Z1 +4<<;d, *Jurzlqj Lqwr
Zrun*/ ]HZ 0 Glvfxvvlrq Sdshu/ Qr1 <;07:

^55` LQNPDQQ/ M1/ NORW]/ V1/ SRKOPHLHU/ Z1 +4<<;e, *Shupd0
qhqwh Qduehq rghu whpsruçuh EohvvxuhqB* Xqlyhuvlwçw Nrqvwdq} =
plphrjudskhg1

^56` NDW]/ H1/ ]LGHUPDQ/ D1 +4<<3,/ *Lqyhvwphqw Lq Jhqhudo Wudlqlqj =
Wkh Uroh ri Lqirupdwlrq dqg Oderxu Prelolw|*/ Hfrqrplf Mrxuqdo/ yro1
433/ 447: 0 448;1

^57` ORHZHQVWHLQ/ P1D1 VSOHW]HU/ M1U1 +4<<;,/ *Glylglqj wkh frvwv
dqg uhwxuqv wr jhqhudo wudlqlqj*/ Mrxuqdo ri Oderxu Hfrqrplfv/ yro1 49/
475 0 4:41
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^58` PDOFRPVRQ/ M1P1/ PDZ/ M1Z1/ PfFRUPLFN/ E1 +4<<:,/ *Jhqhudo
Wudlqlqj e| Ilupv/ Frqwudfw Hqirufdelolw|/ dqg Sxeolf Srolf|*/ Xqlyhu0
vlw| ri Vrxwkkdpswrq dqg Xqlyhuvlw| ri Vzdqvhd = plphrjudskhg1

^59` PDUJROLV/ G1Q1/ SOXJ/ H1/ VLPRQQHW/ Y1/ YLOKXEHU/ O1 +4<<<,/
*Wkh Uroh ri Hduo| Fduhhu H{shulhqfhv lq Ghwhuplqlqj ODwhu Fduhhu
Vxffhvv= Dq Lqwhuqdwlrqdo Frpsdulvrq*/ FUHVW= plphrjudskhg1

^5:` PRUWHQVHQ/ G1W1 +4<;9,/ *Mre Vhdufk dqg Oderu Pdunhw Dqdo|vlv*1
Lq= DVKHQIHOWHU/ R1/ OD\DUG/ U1 +hgv1,/ Kdqgerrn ri Oderu Hfr0
qrplfv/ yro1 5/ Fkds1 481

^5;` SLVVDULGHV/ F1D1 +4<<3,/ Htxloleulxp Xqhpsor|phqw Wkhru|/ R{irug
= Edvlo Eodfnzhoo1

^5<` U\DQ/ S1 +4<;3,/ *Wkh Frvw ri Mre Wudlqlqj iru d Wudqvihudeoh Vnloo*/
Eulwlvk Mrxuqdo ri Lqgxvwuldo Uhodwlrqv/ yro1 ;/ 667 0 6851

^63` VRVNLFH/ G1 +4<<7,/ *Wkh Jhupdq Wudlqlqj V|vwhp = Uhfrqflolqj Pdu0
nhwv dqg Lqvwlwxwlrqv*1 Lq= O\QFK/ O1 +4<<7, Wudlqlqj dqg wkh Sulydwh
Vhfwru = Lqwhuqdwlrqdo Frpsdulvrqv Fklfdjr = Xqlyhuvlw| ri Fklfdjr
Suhvv iru QEHU/ 58 0 931 $$$ OHVHQ

^64` VWDWW/ D10O1 +4<<;,/ *Juhdw Survshfwv = Hpsor|hu Surylghg Wudlqlqj
dv d Fuhgleoh Vfuhhqlqj Ghylfh*/ Xqlyhuvlw| ri Vwluolqj = plphrjudskhg1

^65` VWHHGPDQ/ K1 +4<<6,/ *Wkh Hfrqrplfv ri \rxwk Wudlqlqj lq Jhu0
pdq|*/ Hfrqrplf Mrxuqdo/ yro1 436/ 45:6 0 45<41

^66` VWHYHQV/ P1 +4<<9,/ *Wudqvihudeoh Wudlqlqj dqg Srdfklqj H{whuqdol0
wlhv*1 Lq= ERRWK/ D1O1/ VQRZHU/ G1M1 +4<<9,/ Dftxlulqj Vnloov 0 Pdu0
nhw Idloxuhv/ Wkhlu V|pswrpv Dqg Srolf| Uhvsrqvhv/ Fdpeuljh XN =
Fdpeulgjh Xqlyhuvlw| Suhvv1

^67` VWHYHQV/ P1 +4<<7,/ *D Wkhruhwlfdo Prgho ri Rq0Wkh0Mre Wudlqlqj
Zlwk Lpshuihfw Frpshwlwlrq*/ R{irug Hfrqrplf Sdshuv/ yro1 79/ 86: 0
8951

^68` VX/ O10M1 W1 +4<<:,/ *Jhqhudo Wudlqlqj lq d Oderxu Pdunhw zlwk Dgyhuvh
Vhohfwlrq*/ XFOD = plphrjudskhg1
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D Pdwkhpdwlfdo Dqqh{

D14 Ghulydwlrq ri wkh Prgho Suhglfwlrqv

Wkh iroorzlqj uhodwlrqvkls uhvxowv iru wkh qxpehu ri dssuhqwlfhv=
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dv orqj dv { lv qrw qhjdwlyh/ wklv h{suhvvlrq lv srvlwlyh111\\\
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' qqq

Dv � �
@ : � +vlhkh hqwvsuhfkhqghq Surri,/ Eo� �

@ � o� : f1 Wkh �qdo vljq
ri wkh h{suhvvlrq ghshqgv ri wkh uhodwlyh lpsruwdqfh ri wkh uhvshfwlyh whupv
dv zhoo dv wkh vljq ri { ' �� � �L � Krzhyhu/ lqwhusuhwdwlrqv duh srvvleoh1
Frpvlghu wkh fdvh/ �upv gr kdyh qr glvfrxqwlqj +o ' f, dqg wkhuh lv hvvhq0
wldoo| qr gl�huhqfh ehwzhqq �� dqg �L 1 Wkhq wkh h�hfw ri dxjphqwlqj wkh
vshfl�w| ri wkh �up*v wudlqlqj frqwhqwv zrxog fohduo| lqfuhdvh wkh qxpehu ri
dssuhqwlfhvklsv wudlqhg1 Lq wkh gdwdwvhw zh orrn dw/ zh frxog qrw �qg vwd0
wlvwlfdoo| vljql�fdqw hylghqfh wkdw wkh phgldqzdjhv ri dssuhqwlfhv dqg orz
vnloohg zrunhu jurxsv duh gl�huhqw1 Krzhyhu lw lv uhdvrqdeyoh wkdw glvfrxqw0
lqj glplqxlvkhv wkh xwlolw| d �up uhfhlyhv iurp d ixwxuh vnloohg dssuhqwlfh1
Wr zkdw h{whqg/ krzhyhu/ kdv wr eh lghqwl�hg hpslulfdoo|1
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zlwk { ' �� � �L

D15 Lqgluhfw Xwlolw|

Dq lqgluhfw xwlolw| ixqfwlrq �ERc ��/ zlwk � ehlqj wkh lqglylgxdo*v zdjh dqg
R ehlqj wkh sulfh yhfwru ri wkh frqvxpswlrq vhw f/ dqg lv wkh ydoxh ri wkh
xwlolw| pd{lpl}dwlrq sureohp ri dq lqglylgxdo jlyhq lw*v exgjhw frqvwudlqw1
Jlyhq wkh lqglylgxdov xwlolw| ixqfwlrq �E� lv gh�qhg dv iroorzv=

Vxssrvh wkdw �E� lv d frqwlqxrxv xwlolw| ixqfwlrq uhsuhvhqwlqj d orfdoo|
qrqvdwldwhg suhihuhqfh uhodwlrq � gh�qhg rq wkh frqvxpwslrq vhw f ' -u

n/
wkhq wkh lqgluhfw xwlolw| ixqfwlrq �ERc �� lv

41 Krprjhqrxv ri ghjuhh }hur1

51 Vwulfwo| lqfuhdvlqj lq � dqg qrqlqfuhdvlqj lq R, iru dq| , +frqvxpswlrq
jrrg lqgh{,1

61 Txdvlfrqyh{> wkdw lv/ wkh vhw iERc �� G �ERc�� � �fj lv frqyh{ iru dq|
�f1
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71 Frqwlqxrxv lq R dqg �1

Ehfdxvh �E%ERc ��� ' �ERc�� dqg iurp surshuw| 4 zh fdq vd| wkdw wkh
lqglylgxdov xwlolw| iurp d kljkhu zdjh r�hu lv vwulfwo| kljkhu wkdq iurp d
orzhu/ l1h1 �E�� : �E��� iru dq| � : ��1

D16 Ghulylqj wkh Suredelolw| ri Fkdqjlqj Ilupv

Lw zdv dvvxphg wkdw h{0dssuhqwlfhv dv zhoo dv vnloohg zrunhuv duh udwlrqdo
lq wkh vhqvh wkdw wkh| pdnh fkrlfhv wkdw pd{lpl}h wkhlu shufhlyhg xwlolw|
+vxemhfw wr frqwudlqwv ri h{shqglwxuhv,1 Xvlqj wkh dujxphqw ri lqgluhfw xwlolw|
ixqfwlrqv wkh| gr wklv e| dffhswlqj wkh kljkhvw zdjh r�hu plqxv prelolw|
frvwv +vxemhfwlyh ryhudoo sd|r� iurp d pryh,1 Lq wkh prgho wkh| jhqhudoo|
idfh � r�huv/ wkh qxpehu ri �upv lq wkh pdunhw1 D sulrul wkhvh frqvlvw ri wkh
ydoxh yhfwru +pdujlqdo surgxfw, � wkh| kdyh iru wkh uhvshfwlyh �upv lq wkh
pdunhw wlphv d yhfwru ri �up vshfl�f udqgrp vkrfnv 01 � lv wkh yhfwru ri zdjh
r�huv dqg 0 lv d uhvlgxdo yhfwru wkdw fdswxuhv xqrevhuyhg yduldwlrqv lq wdvwhv/
lq wkh dwwulexwhv ri dowhuqdwlyhv/ huuruv lq wkh shufhswlrq dqg rswlpl}dwlrq e|
wkh h{0dssuhwqlfh2vnloohg zrunhu dv zhoo dv xqrevhuyhg �up vshfl�f vkrfnv1
Lw lv wr eh vkrzq wkdw +<, lv ydolg/ jlyhq jlyhq l1l1g1 orjlvwlf/ qrupdoo| ru
h{srqhqwldoo| glvwulexwhg vkrfnv lq wkh uhvlgxdo yhfwru1 Iru dssuhqwlfhv �
wdnhv wkh irup 3
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zlwk wkh �uvw h{suhvvlrq wr eh wkh ydoxh dq h{0dssuhqwlfh kdv iru klv
wudlqlqj �up1 Iru vnloohg zrunhuv wkh dujxphqw lv urxjko| wkh vdph/ zlwk wkh
h{fhswlrq wkdw wkh whup lq wkh ydoxh yhfwru zklfk kdv d �up0vshfl�f pdun0xs
ehorqjv wr wkh �up wkh vnloohg zrunhu lv zrunlqj dw wkh wlph ri wkh srdfklqj
r�hu1 Wkhq y4@ ' 4@ E��c ���c �?� wkhq kdv dq h{wuhph ydoxh glvwulexwlrq ri
w|sh L6</ vr

8 E0� 	 0� ' i TE� i TE�0�� +5<,

dqg ghqvlw| ixqfwlrq

sE0�� ' i TE�0� � � i TE�0���� +63,

6<Vhh MRKQVRQ hw do1 +4<<8,1
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Wkh zdjh r�hu dffhswhg pxvw vdwlvi| wkh frqglwlrq
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8 E0� n �� � ��� sE0�� _0� +64,

Dv zlwk +5<, dqg +63,\
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+64, ehfrphv
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Iru wkh fdvh ri dq dssuhqwlfh wklv |lhogv=
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Dqg iru wkh fdvh ri d vnloohg zrunhu=
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